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We consider the possibility that dark matter halos are made of quantum particles such as fermions
or bosons in the form of Bose-Einstein condensates. In that case, they generically have a “core-halo”
structure with a quantum core that depends on the type of particle considered and a halo that is
relatively independent of the dark matter particle and that is similar to the NFW profile of cold
dark matter. The quantum core is equivalent to a polytrope of index n = 3/2 for fermions, n = 2 for
noninteracting bosons, and n = 1 for bosons with a repulsive self-interaction in the Thomas-Fermi
limit. We model the halo by an isothermal gas with an effective temperature T . We then derive
the core mass – halo mass relation Mc(Mv) of dark matter halos from an effective thermodynamical
model by extremizing the free energy F (Mc) with respect to the core mass Mc. We obtain a general
relation, valid for an arbitrary polytropic core, that is equivalent to the “velocity dispersion tracing”
relation according to which the velocity dispersion in the core v2c ∼ GMc/Rc is of the same order
as the velocity dispersion in the halo v2v ∼ GMv/rv. We provide therefore a justification of this
relation from thermodynamical arguments. In the case of fermions, we obtain a relation Mc ∝M1/2v
that agrees with the relation found numerically by Ruffini et al. [Mon. Not. R. Astron. Soc. 451,
622 (2015)]. In the case of noninteracting bosons, we obtain a relation Mc ∝ M1/3v that agrees
with the relation found numerically by Schive et al. [Phys. Rev. Lett 113, 261302 (2014)]. In
the case of bosons with a repulsive self-interaction in the Thomas-Fermi limit, we predict a relation
Mc ∝ M2/3v that still has to be confirmed numerically. We also obtain a general approximate core
mass – halo mass relation Mc(Mv) that is valid for bosons with arbitrary repulsive or attractive
self-interaction. For an attractive self-interaction, we determine the maximum halo mass (Mv)max
that can harbor a stable quantum core (dilute axion “star”). Finally, we argue that the fundamental
mass scale of the bosonic dark matter particle is mΛ = ~
√
Λ/c2 = 2.08× 10−33 eV/c2 and that the
fundamental mass scale of the fermionic dark matter particle is m∗Λ = (Λ~3/Gc3)1/4 =
√
mΛMP =
5.04× 10−3 eV/c2 where Λ is the cosmological constant and MP is the Planck mass. Their ratio is
m∗Λ/mΛ = (c
5/G~Λ)1/4 = 2.42 × 1030. The actual value of the dark matter particle mass is equal
to these mass scales multiplied by a large factor that we obtain from our model.
PACS numbers: 95.30.Sf, 95.35.+d, 98.62.Gq
I. INTRODUCTION
The nature of dark matter (DM) is still unknown and
remains one of the greatest mysteries of modern cosmol-
ogy. The standard cold dark matter (CDM) model works
remarkably well at large (cosmological) scales and is con-
sistent with ever improving measurements of the cosmic
microwave background (CMB) from WMAP and Planck
missions [1, 2]. However, it encounters serious problems
at small (galactic) scales. In particular, it predicts that
DM halos should be cuspy [3], with a density diverging
as r−1 for r → 0, while observations reveal that they
have a flat core density [4]. On the other hand, the CDM
model predicts an over-abundance of small-scale struc-
tures (subhalos/satellites), much more than what is ob-
served around the Milky Way [5]. These problems are
referred to as the “cusp problem” and “missing satellite
problem”. The expression “small-scale crisis of CDM”
has been coined.
In order to solve these problems, some authors have
proposed to take the quantum nature of the DM particle
into account.1 Indeed, quantum mechanics creates an ef-
fective pressure even at zero thermodynamic temperature
(Tth = 0) that may balance the gravitational attraction
at small scales and lead to cores instead of cusps. The
DM particle could be a fermion, like a massive neutrino,
with a mass ∼ 170 eV/c2 (see Appendix D of [14]). It
could also be a boson in the form of a Bose-Einstein con-
densate (BEC), like an ultralight axion, with a mass in
the range 2.19 × 10−22 eV/c2 < m < 1.10 × 10−3 eV/c2
depending whether the bosons are noninteracting or self-
interacting (see Appendix D of [14]).
In these quantum models, DM halos have a “core-halo”
structure which results from a process of violent colli-
sionless relaxation [15] and gravitational cooling [16–18].
The core stems from the equilibrium between quantum
pressure and gravitational attraction. For fermions, the
quantum pressure arises from the Pauli exclusion prin-
ciple like in the case of white dwarfs and neutron stars.
For bosons, the quantum pressure arises from the Heisen-
1 See our previous papers [6, 7] for an exhaustive list of references
(more than 200) on the subject. See also the reviews [8–13].
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2berg uncertainty principle or from the repulsive self-
interaction of the bosons like in the case of boson stars.
Quantum mechanics stabilizes the halo against gravita-
tional collapse,2 leading to a flat core instead of a cusp.
The quantum core is equivalent to a polytrope of index
n = 3/2 for fermions, n = 2 for noninteracting bosons,
and n = 1 for bosons with a repulsive self-interaction in
the Thomas-Fermi (TF) limit. It is responsible for the
finite density of the DM halos at the center. The core
mass-radius relation is McR
3
c = 1.49 × 10−3 h6/G3m8
for fermions, McRc = 5.25 ~2/Gm2 for noninteracting
bosons, and Rc = pi(as~2/Gm3)1/2 for self-interacting
bosons in the TF limit. On the other hand, the halo is
relatively independent of quantum effects and is similar
to the Navarro-Frenk-White (NFW) profile [3] produced
in CDM simulations or to the empirical Burkert profile [4]
deduced from the observations. It is responsible for the
flat rotation curves of the galaxies at large distances. We
shall approximate this halo by an isothermal atmosphere
with an effective temperature T .3 In that case, the den-
sity decreases at large distance as ρ ∝ r−2 [29], instead
of r−3 for the NFW and Burkert profiles, leading exactly
to flat rotation curves for r → +∞. For sufficiently large
halos, the halo mass-radius relation is Mh = 1.76 Σ0r
2
h
[7] where
Σ0 = ρ0rh = 141M/pc2 (1)
is the universal surface density of DM halos deduced from
the observations [30–32]. Ultracompact halos like dSphs
(rh ∼ 1 kpc and Mh ∼ 108M) are dominated by the
quantum core and have almost no atmosphere. Large
halos like the Medium Spiral (rh ∼ 10 kpc and Mh ∼
1011M) are dominated by the isothermal atmosphere.
In a recent paper [7], we have developed of model of
DM halos made of bosons with a repulsive self-interaction
2 This is true for the nonrelativistic systems that we consider here.
For general relativistic systems, there is a maximum mass MGRmax
[19–24] above which the system collapses towards a black hole.
In our case, we will find that Mc  MGRmax so that a Newtonian
approach is sufficient. On the other hand, if the bosons have
an attractive self-interaction, like in the case of the axion [11],
there exists a maximum mass Mmax [6] for the quantum core
even in the Newtonian regime. Above that limit, the quantum
core (dilute axion star) undergoes gravitational collapse.
3 We approximate the atmosphere by an isothermal sphere but
we stress that the temperature is effective and does not corre-
spond to the true thermodynamic temperature (which is almost
equal to zero). In particular, the atmosphere does not correspond
to a statistical equilibrium state resulting from a “collisional”
evolution of the quantum particles of mass m which would be
much too long (much larger than the age of the Universe) [7]. It
may rather correspond to an out-of-equilibrium thermodynami-
cal state - or quasistationary state - resulting from a collisionless
evolution (independent of m) like in Lynden-Bell’s theory of vio-
lent relaxation [15]. In the case of fuzzy DM, the approximately
isothermal atmosphere (due to quantum interferences of excited
states) may also result from the “collisional” evolution of quasi-
particles (granules) of the size of the solitonic core and of mass
m∗  m as argued in [25–28].
in the TF limit. We have obtained a generic phase dia-
gram (see Fig. 49 of [7]) determining the structure of
the DM halos (measured by the core mass Mc) as a
function of their mass Mh. There is a minimum halo
mass (Mh)min corresponding to the ground state of the
boson gas (T = 0) at which the DM halo is a purely
quantum object without isothermal halo (Mc ' Mh).
Larger halos have a “core-halo” structure with a quan-
tum core and an isothermal atmosphere. We found a
branch along which the core mass Mc decreases as the
halo mass Mh increases. Rapidly, the core mass becomes
negligible and the halos behave as purely isothermal ha-
los without quantum core. However, we found a critical
point (Mh)CCP, that we interpreted as a canonical crit-
ical point, at which a bifurcation occurs. On the new
branch, the core mass Mc increases as the halo mass
Mh increases. On that branch, we found another critical
point at a higher mass (Mh)MCP, that we interpreted as a
microcanonical critical point, above which the quantum
core becomes unstable and is replaced by a supermas-
sive black hole resulting from a gravothermal catastrophe
followed by a dynamical instability of general relativis-
tic origin. Considering the bifurcated branch with the
“core-halo” structure, we developed an effective thermo-
dynamical model to analytically predict the core mass –
halo mass relation Mc(Mh).
4 We showed that this re-
lation is equivalent to the “velocity dispersion tracing”
relation according to which the velocity dispersion in the
core v2c ∼ GMc/Rc is of the same order as the velocity
dispersion in the halo v2v ∼ GMv/rv [7, 34]. We could
provide therefore a justification of this relation from ther-
modynamical arguments.
In the present paper, we extend this thermodynam-
ical model to the case of DM halos made of fermions
and to the case of DM halos made of noninteracting
bosons. To unify the formalism, we model the quantum
core as a polytrope of arbitrary index n (with n = 3/2
for fermions, n = 2 for noninteracting bosons, and n = 1
for self-interacting bosons in the TF limit) and we model
the atmosphere as an isothermal gas with a uniform den-
sity confined within a “box” of radius R. The radius of
the box is identified with the halo radius rh and the to-
tal mass of the system contained within the box (core
+ halo) is identified with the halo mass Mh. They are
related by Mh = 1.76 Σ0r
2
h [7]. We analytically compute
the free energy F (Mc) of the system. By extremizing
F (Mc) as a function of Mc for a given value of M and
R we obtain the core mass Mc as a function of the halo
mass Mh. We find this relation to be always (for any
value of n) equivalent to the velocity dispersion tracing
relation, thereby generalizing our previous result [7]. We
also obtain a general approximate relation Mc(Mv) that
is valid for bosons with arbitrary repulsive or attractive
4 This thermodynamical model was originally introduced in [33] to
analytically obtain the caloric curve of self-gravitating fermions.
3self-interaction. For an attractive self-interaction, we de-
termine the maximum halo mass (Mv)max that can har-
bor a stable quantum core (dilute axion star). Finally,
we use our results to predict the fundamental mass scale
of the bosonic or fermionic DM particle in terms of fun-
damental constants.
The paper is organized as follows. In Sec. II we con-
sider models of DM halos with a quantum (fermionic or
bosonic) core and an isothermal atmosphere. In Sec. III
we show that these models can be obtained in a unified
manner from a generalized wave equation. In Sec. IV we
obtain the core mass – halo mass relation of DM halos
from an analytical thermodynamical model. This rela-
tion is valid for a general polytropic core. In Sec. V we
show that this relation is equivalent to the velocity dis-
persion tracing relation. In Secs. VI and VII we specifi-
cally apply these results to DM halos made of fermions,
noninteracting bosons and self-interacting bosons.
II. QUANTUM MODELS OF DM HALOS
In this section, we review quantum models of DM halos
made of fermions or bosons. If DM halos are quantum
objects, there must be a minimum halo radius R and
a minimum halo mass M in the Universe correspond-
ing to the ground state (T = 0) of the self-gravitating
quantum gas. This result is in agreement with the ob-
servations. Indeed, there are apparently no DM halos
with a radius smaller than R ∼ 1 kpc and a mass smaller
than M ∼ 108M, the typical values of the radius and
mass of dSphs like Fornax. This observational result can-
not be explained by the CDM model which predicts the
existence of DM halos at all scales.
Ultracompact dwarf DM halos just have a quantum
core without atmosphere (ground state). Larger DM ha-
los have a core-halo structure with a quantum core cor-
responding to the ground state (T = 0) of the quantum
gas and an “atmosphere” resulting from violent relax-
ation and gravitational cooling. The atmosphere has a
density profile that can be fitted by the empirical Burk-
ert profile or by NFW profile. In this paper, we shall
approximate this density profile by an isothermal pro-
file of effective temperature T . It is the atmosphere that
fixes the size of large halos and explains why their ra-
dius increases with their mass as Mh ∝ r2h (since Σ0 is
constant). By contrast, the radius Rc of the quantum
core usually decreases or remains constant as its mass
Mc increases (see below).
To determine the parameters of the DM particle, we
proceed as follows (see Appendix D of [14]).5 We assume
that the smallest halo that has been observed, with a
5 Our aim here is not to make an accurate model of DM halos.
Therefore, an order of magnitude of the DM particle parameters
is sufficient.
typical radius and a typical mass
R ∼ 1 kpc, M ∼ 108M, (Fornax), (2)
corresponds to the ground state of a self-gravitating
quantum gas. Using the mass-radius relation M(R) of
the self-gravitating quantum gas at T = 0, we can obtain
the parameters of the DM particle. We can then check
that the nonrelativistic treatment used in this paper is
valid by showing that Mc Mmax.
A. Fermionic DM
The equation of state of a nonrelativistic Fermi gas at
T = 0 is [35]
P =
1
20
(
3
pi
)2/3
h2
m8/3
ρ5/3. (3)
This is a polytropic equation of state of index γ = 5/3
(i.e. n = 3/2) and polytropic constant
K =
1
20
(
3
pi
)2/3
h2
m8/3
. (4)
In the TF approximation, which amounts to neglect-
ing the quantum potential, the fundamental differential
equation of hydrostatic equilibrium determining the den-
sity profile of a nonrelativistic fermion star6 at T = 0
with the equation of state (3) writes (see Appendix A)
1
8
(
3
pi
)2/3
h2
m8/3
∆ρ2/3 = −4piGρ. (5)
It can be reduced to the Lane-Emden equation (A8) of
index n = 3/2. This profile has a compact support and
the fermion star is stable. The mass-radius relation is
McR
3
c =
9ω3/2
8192pi4
h6
G3m8
, (6)
where ω3/2 = 132.3843. On the other hand, from Eqs.
(B7) and (B9) which reduce to7
Ec = Uc +Wc, (7)
2Uc +Wc = 0, (8)
and from the Betti-Ritter formula (C5), we obtain
Ec = −Uc = 1
2
Wc = −3
7
GM2c
Rc
. (9)
6 In this paper, the name “fermion star” refers to ultracompact
DM halos made of fermions or to the fermionic core of larger DM
halos (the same comment applies to the names “boson stars”,
“BEC stars” and “axion stars” used below).
7 In the main text, we denote by Ec, Uc and Wc what are called
Etot, U and W in the Appendices.
4Combined with Eq. (6), we find that the energy of a
nonrelativistic fermion star at T = 0 (ground state) is
Ec = −3
7
(
8192pi4
9ω3/2
)1/3
G2m8/3M
7/3
c
h2
. (10)
Let us assume that the smallest DM halo that we know,
with mass M and radius R, corresponds to the ground
state of a nonrelativistic self-gravitating Fermi gas. From
the mass-radius relation (6), we get
m
eV/c2
= 2.27× 104
(pc
R
)3/8(M
M
)1/8
. (11)
Using the reference values of M and R corresponding
to Fornax [see Eq. (2)], we find a fermion mass (see
Appendix D of [14]):
m = 170 eV/c2. (12)
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0
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FIG. 1: Density profile of the “minimum halo” (ground state)
of surface density Σ0 = ρ0rh = 141M/pc2 made of fermions
of mass m = 170 eV/c2.
Alternatively, using the results of Appendix G and tak-
ing m = 170 eV/c2 in the numerical applications, we find
that the minimum halo radius, the minimum halo mass
and the maximum central density are
(rh)min = 1.50
(
~6
G3m8Σ0
)1/5
= 570 pc, (13)
(Mh)min = 4.47
(
~12Σ30
G6m16
)1/5
= 9.09× 107M. (14)
(ρ0)max = 0.667
(
Σ0m
4/3G1/2
~
)6/5
= 0.248M/pc3,
(15)
where Σ0 is the universal density of DM halos given by
Eq. (1). These values can be improved if we have a more
reliable expression of the fermion mass m, but they are
sufficient for our purposes (the same comment applies to
the bosonic models considered below).
The maximum mass of a fermion star at T = 0 set by
general relativity is Mmax = 0.384 (~c/G)3/2/m2 and its
minimum radius is Rmin = 8.73GMmax/c
2 [19]. They
can be written as
Mmax
M
= 6.26× 1017
(
eV/c2
m
)2
,
Rmin
km
= 12.9
Mmax
M
.
(16)
For a fermion of mass m = 170 eV/c2, we obtain Mmax =
2.17×1013M and Rmin = 8.85 pc. The maximum mass
is much larger than the typical core mass of a DM halo.
Assuming that a fermion star at T = 0 describes the
quantum core of a DM halo, we conclude that such cores
are nonrelativistic since Mc  Mmax in general. Since
the maximum mass is much larger than the core mass,
gravity can be treated within a Newtonian framework.
B. Noninteracting bosonic DM
We consider a gas of noninteracting bosons at
T = 0 forming a BEC. The wavefunction of a self-
gravitating BEC without self-interaction is governed by
the Schro¨dinger-Poisson equation [6]. Using Madelung’s
hydrodynamic representation of the Schro¨dinger equa-
tion [36], we find that the fundamental differential equa-
tion of quantum hydrostatic equilibrium determining the
density profile of the BEC is [6]
~2
2m2
∆
(
∆
√
ρ√
ρ
)
= 4piGρ. (17)
This equation can be solved numerically [17, 18, 21, 25–
27, 37–39]. The density profile of a noninteracting BEC
star at T = 0 (ground state) extends to infinity and the
BEC star is stable. The mass-radius relation is
Mc(Rc)99 = 9.95
~2
Gm2
, (18)
where (Rc)99 is the radius enclosing 99% of the mass.
From Eqs. (B7) and (B9) which reduce to
Ec = Θ
c
Q +Wc, (19)
2ΘcQ +Wc = 0, (20)
we obtain
Ec = −ΘcQ =
1
2
Wc. (21)
From numerical computations [21, 37, 38], we find that
the total energy of a noninteracting BEC star at T = 0
(ground state) is
Ec = −0.0543 G
2M3cm
2
~2
. (22)
5Actually, we find in Appendix E that there exists an-
other solution of Eq. (17). It has a compact support and
its profile corresponds to a polytrope of index γ = 3/2
(i.e. n = 2). Its energy is smaller than the energy of
the solution considered here, suggesting that it is more
stable, even if comparing the energies of stable states
may not be decisive in view of the very long lifetime
of metastable states in systems with long-range inter-
actions. In the following, in order to develop a unified
description of fermions and bosons based on polytropic
equations of state, we will use the solution from Appendix
E. However, as far as scalings and orders of magnitude
are concerned, we would get similar results by using the
more conventional (but maybe less stable) solution of this
section.
Let us assume that the smallest DM halo that we know,
with mass M and radius R, corresponds to the ground
state of a noninteracting BEC star. From the mass-radius
relation (18), we get
m
eV/c2
= 9.22× 10−17
(pc
R
)1/2(M
M
)1/2
. (23)
Using the reference values of M and R corresponding to
Fornax [see Eq. (2)], we find a boson mass (see Appendix
D of [14]):
m = 2.92× 10−22 eV/c2. (24)
0 0.2 0.4 0.6 0.8 1
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0
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FIG. 2: Density profile of the “minimum halo” (ground state)
of surface density Σ0 = ρ0rh = 141M/pc2 made of non-
interacting bosons of mass m = 2.92 × 10−22 eV/c2. We
have plotted the polytropic profile with a compact support
obtained in Appendix E (solid line) and the more conven-
tional profile computed in [17, 18, 21, 25–27, 37–39] for which
(rh)min = 410 pc, (Mh)min = 4.52 × 107 M and (ρ0)max =
0.344M/pc3 (dashed line taken from [7, 38]).
Alternatively, using the results of Appendix G and tak-
ing m = 2.92×10−22 eV/c2 in the numerical applications,
we find that the minimum halo radius, the minimum halo
mass and the maximum central density are (computed
from the polytropic solution)
(rh)min = 0.913
(
~2
Gm2Σ0
)1/3
= 378 pc, (25)
(Mh)min = 1.61
(
~4Σ0
G2m4
)1/3
= 3.89× 107M. (26)
(ρ0)max = 1.09
G1/3m2/3Σ
4/3
0
~2/3
= 0.371M/pc3, (27)
where Σ0 is the universal density of DM halos given by
Eq. (1).
The maximum mass of a noninteracting boson star at
T = 0 set by general relativity is Mmax = 0.633 ~c/Gm
and its minimum radius is Rmin = 9.53GMmax/c
2 [20,
21]. They can be written as
Mmax
M
= 8.48× 10−11 eV/c
2
m
,
Rmin
km
= 14.1
Mmax
M
.
(28)
For a boson of mass m = 2.92 × 10−22 eV/c2, we obtain
Mmax = 2.90×1011M and Rmin = 0.133 pc. The maxi-
mum mass is much larger than the typical core mass of a
DM halo. Assuming that a BEC star at T = 0 (soliton)
describes the quantum core of a DM halo, we conclude
that such cores are nonrelativistic since Mc  Mmax in
general. Since the maximum mass is much larger than
the core mass, gravity can be treated within a Newtonian
framework.
C. Bosonic DM with a repulsive self-interaction in
the TF limit
We consider a gas of self-interacting bosons at T = 0
forming a BEC. The wavefunction of a self-gravitating
BEC with a quartic self-interaction is governed by the
GPP equations [6]. The equation of state of a self-
interacting BEC is [6]
P =
2pias~2
m3
ρ2, (29)
where as is the scattering length of the bosons. This is a
polytropic equation of state of index γ = 2 (i.e. n = 1)
and polytropic constant
K =
2pias~2
m3
. (30)
We assume that the self-interaction is repulsive (as > 0).
Using Madelung’s hydrodynamic representation of the
GPP equations, and taking the quantum potential into
account, we find that the fundamental differential equa-
tion of quantum hydrostatic equilibrium determining the
density profile of the BEC is [6]
− ~
2
2m2
∆
(
∆
√
ρ√
ρ
)
+
4pias~2
m3
∆ρ = −4piGρ. (31)
6This equation can be solved numerically [38]. The density
profile of a noninteracting BEC star at T = 0 (ground
state) extends to infinity. The mass-radius relation has
been obtained in [6, 38].
In the TF approximation, which amounts to neglect-
ing the quantum potential, the fundamental differential
equation of hydrostatic equilibrium determining the den-
sity profile of a self-interacting BEC star at T = 0 with
the equation of state (29) writes (see Appendix A)
4pias~2
m3
∆ρ = −4piGρ. (32)
It can be reduced to the Lane-Emden equation (A8)
of index n = 1 which has a simple analytical solution
[35]. This profile has a compact support and the self-
interacting BEC star is stable. A self-gravitating BEC
with a repulsive self-interaction in the TF approximation
has a unique radius [6, 23, 40–44],
Rc = pi
(
as~2
Gm3
)1/2
, (33)
that is independent of its mass. From Eqs. (B7) and
(B9) which reduce to
Ec = Uc +Wc, (34)
3Uc +Wc = 0, (35)
and from the Betti-Ritter formula (C5), we obtain
Ec = −2Uc = 2
3
Wc = −1
2
GM2c
Rc
. (36)
Combined with Eq. (33), we find that the energy of a
self-interacting BEC star at T = 0 (ground state) in the
TF limit is
Ec = − 1
2pi
G3/2m3/2M2c
a
1/2
s ~
. (37)
Let us assume that the smallest DM halo that we know,
with mass M and radius R, corresponds to the ground
state of a self-interacting BEC star. From Eq. (33), we
get
as
fm
(
eV/c2
m
)3
= 3.28× 10−3
(
R
pc
)2
. (38)
This formula depends only on R. Using the reference
values of R corresponding to Fornax [see Eq. (2)], we
find that the ratio as/m
3 of the boson parameters as
and m is given by (see Appendix D of [14]):
as
fm
(
eV/c2
m
)3
= 3.28× 103. (39)
In order to determine the mass of the boson, we need
another relation. This relation is provided by the con-
straint σ/m < 1.25 cm2/g set by the Bullet Cluster [45],
where σ = 4pia2s is the self-interaction cross section. In
Appendix D of [14] we have considered two extreme cases
corresponding to an upper boson mass
m = 1.10× 10−3 eV/c2, as = 4.41× 10−6 fm, (40)
and a lower boson mass
m = 2.92× 10−22 eV/c2, as = 8.13× 10−62 fm. (41)
We note that when a self-interaction between the bosons
is allowed, a large mass window is open. In particular,
a repulsive self-interaction allows one to have a larger
boson mass than in the noninteracting case. As discussed
in Appendix D.4 of [14] this may be interesting in view
of the fact that the mass of a noninteracting boson (m ∼
1 − 10 × 10−22 eV/c2) is in tension with observations of
the Lyman-α forest [27]. This tension could reflect the
fact that bosons have a repulsive self-interaction.
0 0.2 0.4 0.6 0.8 1
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FIG. 3: Density profile of the “minimum halo” (ground
state) of surface density Σ0 = ρ0rh = 141M/pc2 made
of self-interacting bosons in the TF limit with as/m
3 =
3.28× 103 fm (eV/c2)−3.
Alternatively, using the results of Appendix G and tak-
ing as/m
3 = 3.28 × 103 fm (eV/c2)−3 in the numerical
applications, we find that the minimum halo radius, the
minimum halo mass and the maximum central density
are
(rh)min = 2.47
(
as~2
Gm3
)1/2
= 786 pc, (42)
(Mh)min = 13.0
as~2Σ0
Gm3
= 1.86× 108M. (43)
(ρ0)max = 0.404
(
Gm3Σ20
as~2
)1/2
= 0.179M/pc3, (44)
where Σ0 is the universal density of DM halos given by
Eq. (1).
7The maximum mass of a self-interacting boson star set
by general relativity is Mmax = 0.307 ~c2
√
as/(Gm)
3/2
and its minimum radius is Rmin = 6.25GMmax/c
2 [22–
24]. They can be written as
Mmax
M
= 1.12
( as
fm
)1/2(GeV/c2
m
)3/2
, (45)
Rmin
km
= 9.27
Mmax
M
. (46)
We note that these results do not depend on the specific
mass m and scattering length as of the bosons, but only
on the ratio as/m
3. For a ratio (as/fm)(eV/mc
2)3 =
3.28 × 103, we obtain Mmax = 2.03 × 1015M and
Rmin = 609 pc. The maximum mass is much larger than
the typical core mass of a DM halo. Assuming that a
self-interacting BEC star at T = 0 describes the quan-
tum core of a DM halo, we conclude that such cores are
nonrelativistic since Mc  Mmax in general. Since the
maximum mass is much larger than the core mass, grav-
ity can be treated within a Newtonian framework.
D. Bosonic DM with an attractive self-interaction
We consider a gas of self-interacting bosons at T = 0
forming a BEC. The wavefunction of a self-gravitating
BEC with a quartic self-interaction is governed by the
GPP equations [6]. The equation of state of a self-
interacting BEC is given by Eq. (29). We assume that
the self-interaction is attractive (as < 0). This is the case
for the axion [11]. Using Madelung’s hydrodynamic rep-
resentation of the GPP equations, and taking the quan-
tum potential into account, we find that the fundamental
differential equation of quantum hydrostatic equilibrium
determining the density profile of the BEC is given by
Eq. (31) [6]. This equation can be solved numerically
[38]. The density profile of a noninteracting BEC star
at T = 0 (ground state) extends to infinity. The mass-
radius relation has been obtained in [6, 38]. There is a
maximum mass
M exactmax = 1.012
~√
Gm|as|
(47)
corresponding to a minimum stable radius
(R∗99)
exact = 5.5
( |as|~2
Gm3
)1/2
. (48)
When Mc > Mmax the axion star is expected to collapse
and form a dense axion star, a black hole or a bosenova
as discussed in [46–54].
E. Mass-radius relation of isothermal DM halos
In the previous subsections, we have focused on the
quantum core of DM halos. Ultracompact dwarf DM
halos just have a quantum core (ground state). Larger
DM halos have a “core-halo” structure with a quantum
core surrounded by an atmosphere. We have seen that
the structure of the quantum core strongly depends on
the nature of the DM particle. By contrast, the structure
of the atmosphere is relatively independent of the DM
particle. We assume that it has an isothermal equation
of state
P = ρ
kBT
m
(49)
with an effective temperature T . For sufficiently large
DM halos, the isothermal atmosphere dominates the
core. Indeed, the DM halo mass Mh is much larger than
the core mass Mc and it is a good approximation to as-
sume that the DM halo is purely isothermal.8 Therefore,
from the “outside”, large DM halos behave as classical
isothermal spheres. If Mh represents the halo mass and
rh the halo radius as defined in Appendix G, then the
mass-radius and temperature-radius relations of isother-
mal DM halos are [7]
Mh = 1.76 Σ0r
2
h,
kBT
m
= 0.954GΣ0rh, (50)
where Σ0 is the universal surface density of DM halos
given by Eq. (1). On the other hand, the circular velocity
at the halo radius is
v2h =
GMh
rh
= 1.76 Σ0Grh = 1.33GΣ
1/2
0 M
1/2
h . (51)
III. A GENERALIZED WAVE EQUATION
A. Coarse-grained dynamics
The previous results can be obtained in a unified man-
ner from the generalized GPP equations [7, 55, 56]
i~
∂ψ
∂t
= − ~
2
2m
∆ψ +mΦψ +
Kγm
γ − 1 |ψ|
2(γ−1)ψ
+2kBT ln |ψ|ψ − i~
2
ξ
[
ln
(
ψ
ψ∗
)
−
〈
ln
(
ψ
ψ∗
)〉]
ψ, (52)
∆Φ = 4piG|ψ|2. (53)
As discussed in more detail in [7, 55], the thermal (T )
and dissipative (ξ) terms present in the generalized GPP
equations (52) and (53) parametrize the complicated pro-
cesses of violent relaxation [15] and gravitational cool-
ing [16] experienced by a collisionless system of self-
gravitating fermions or bosons. As a result, the general-
ized GPP equations (52) and (53) describe the evolution
of the system on a “coarse-grained” scale.
8 We have in mind, for example, the Medium Spiral (R ∼ 10 kpc
and M ∼ 1011M).
8B. Madelung transformation
Making the Madelung transformation
ψ(r, t) =
√
ρ(r, t)eiS(r,t)/~, (54)
ρ = |ψ|2, u = ∇S
m
, (55)
we can show that the generalized GPP equations (52)
and (53) are equivalent to the fluid equations
∂ρ
∂t
+∇ · (ρu) = 0, (56)
∂u
∂t
+ (u · ∇)u = −1
ρ
∇P −∇Φ− 1
m
∇Q− ξu, (57)
∆Φ = 4piGρ, (58)
where
Q = − ~
2
2m
∆
√
ρ√
ρ
(59)
is the quantum potential and P is the pressure deter-
mined by the equation of state
P = Kργ + ρ
kBT
m
(γ = 1 + 1/n). (60)
This equation of state has a linear part and a polytropic
part. The linear (isothermal) equation of state accounts
for effective thermal effects. The polytropic equation of
state takes into account the self-interaction of the bosons
or the quantum pressure arising from the Pauli exclusion
principle for fermions. The equation of state (60) defines
a composite model of DM halos with a core-halo struc-
ture. The polytropic equation of state dominates in the
core where the density is high and the isothermal equa-
tion of state dominates in the halo where the density is
low (we assume that γ > 1). As a result, the correspond-
ing DM halos present a quantum (fermionic/bosonic)
core surrounded by an isothermal envelope. The quan-
tum core solves the cusp problem and the isothermal en-
velope leads to flat rotation curves. This model has been
studied in detail in [7] for self-interacting BECs. Its ex-
tension to noninteracting BECs and fermions is under
progress.
C. Condition of quantum hydrostatic equilibrium
The equilibrium state of the hydrodynamic equations
(56) and (57) satisfies the condition of quantum hydro-
static equilibrium [55]
ρ
m
∇Q+∇P + ρ∇Φ = 0. (61)
It describes the balance between the quantum potential
arising from the Heisenberg uncertainty principle, the
quantum pressure (due to Pauli exclusion principle for
fermions or due to the self-interaction of bosons), the
pressure due to the effective temperature, and the grav-
itational attraction. Combining Eq. (61) with the Pois-
son equation (58), we obtain the fundamental differential
equation of quantum hydrostatic equilibrium [55]
~2
2m2
∆
(
∆
√
ρ√
ρ
)
−∇ ·
(∇P
ρ
)
= 4piGρ. (62)
For the equation of state (60), it takes the form
~2
2m2
∆
(
∆
√
ρ√
ρ
)
− Kγ
γ − 1∆ρ
γ−1 − kBT
m
∆ ln ρ = 4piGρ.
(63)
This differential equation determines the general equilib-
rium density profile ρ(r) of a quantum DM halo in our
model [7, 55]. This profile generically has a core-halo
structure with a polytropic core and an isothermal halo.
In the core, the differential equation (63) reduces to
~2
2m2
∆
(
∆
√
ρ√
ρ
)
− Kγ
γ − 1∆ρ
γ−1 = 4piGρ. (64)
It determines the structure of the quantum core as de-
scribed in Secs. II A-II D.
In the halo, the differential equation reduces to
− kBT
m
∆ ln ρ = 4piGρ. (65)
It is equivalent to the Emden equation [35]. It determines
the structure of the isothermal atmosphere of large DM
halos as described in Sec. II E.
D. Free energy
The free energy associated with the generalized GPP
equations (52) and (53) or equivalently with the hydro-
dynamic equations (56) and (57) is
F = E∗ − TS = Θc + ΘQ + U +W − TS. (66)
The energy E∗ is the sum of the classical kinetic energy
Θc =
∫
ρ
u2
2
dr, (67)
the quantum kinetic energy
ΘQ =
~2
8m2
∫
(∇ρ)2
ρ
dr, (68)
the internal energy associated with the polytorpic equa-
tion of state
U =
K
γ − 1
∫
ργ dr, (69)
9and the gravitational energy
W =
1
2
∫
ρΦ dr. (70)
On the other hand,
S = −kB
∫
ρ
m
(ln ρ− 1) dr (71)
is the Boltzmann entropy associated with the isothermal
equation of state.
The generalized GPP equations (52) and (53) or equiv-
alently the hydrodynamic equations (56) and (57) satisfy
an H-theorem [55]
F˙ = −ξ
∫
ρu2 dr = −2ξΘc ≤ 0. (72)
The free energy cannot increase. At equilibrium, we have
F˙ = 0 implying u = 0. Then, Eq. (57) leads to the con-
dition of quantum hydrostatic equilibrium (61). When
ξ > 0, using Lyapunov’s direct method, one can show
that the system relaxes, for t → +∞, towards a stable
equilibrium state which is a (local) minimum of free en-
ergy at fixed mass.
The extremization of the free energy at fixed mass,
corresponding to the variational principle δF− µmδM = 0
where µ is a Lagrange multiplier, returns the condition
of quantum hydrostatic equilibrium (61). Furthermore,
(local) minima of free energy are stable while maxima or
saddle points are unstable.
The generalized GPP equations (52) and (53) are as-
sociated with a canonical description in which the tem-
perature T is fixed. It is possible to modify these equa-
tions so that the temperature T (t) evolves in time in
order to conserve the energy (see Appendix I of [55]).
This corresponds to a microcanonical description. As is
well-known, the equilibrium states are the same in the
microcanonical and canonical ensembles. However, their
stability may be different in case of ensembles inequiva-
lence. In particular, equilibrium states that are unstable
in the canonical ensemble may be stable in the micro-
canonical (this is because the microcanonical ensemble
is more constrained than the canonical ensemble). For
example, equilibrium states with a negative specific heat
are always unstable in the canonical ensemble while they
may be stable in the micropcanonical ensemble.
IV. ANALYTICAL MODEL OF DM HALOS
WITH A POLYTROPIC CORE AND AN
ISOTHERMAL ATMOSPHERE
In this section, we develop an approximate analytical
model of DM halos with a polytropic core surrounded
by an isothermal atmosphere. For simplicity, we assume
that the density of the isothermal atmosphere is uniform.
In all the DM models discussed in Sec. II the quan-
tum core can be described by a polytropic equation of
state. Therefore, by considering a polytropic core with
an arbitrary index n, we can account for a wide diversity
of situations and, in particular, unify the treatment of
fermionic and bosonic DM halos. We shall enclose the
system within a box of radius R. The box is necessary
to have a finite mass M . In order to connect this model
with real DM halos, we shall identify the box radius R
with the halo radius rh and the mass M with the halo
mass Mh. Therefore, we set
M = Mh, R = rh. (73)
The mass and the radius of sufficiently large DM halos
are related to each other by the first relation of Eq. (50).
A. Polytropic core
We modelize the core of a DM halo by a pure polytrope
of index n. Its mass Mc and its radius Rc satisfy the
mass-radius relation [35]
M (n−1)/nc R
(3−n)/n
c =
K(n+ 1)
G(4pi)1/n
ω(n−1)/nn . (74)
The internal energy and the gravitational energy of the
polytropic core are given by (see Appendices B and C)
Uc =
n
5− n
GM2c
Rc
, Wc = − 3
5− n
GM2c
Rc
. (75)
Therefore, its total energy Ec = Uc +Wc is
Ec = −3− n
n
Uc =
3− n
3
Wc = −3− n
5− n
GM2c
Rc
. (76)
Combined with Eq. (74), we obtain
Ec = −3− n
5− n
[
(4pi)1/n
n+ 1
]n/(3−n)
1
ω
(n−1)/(3−n)
n
×G
3/(3−n)M (5−n)/(3−n)c
Kn/(3−n)
. (77)
B. Isothermal atmosphere of uniform density
We modelize the halo by an isothermal atmosphere of
mass Ma = M −Mc contained between the spheres of
radius Rc and R. The internal energy of a gas with the
isothermal equation of state (49) is [55]
U =
kBT
m
∫
ρ(ln ρ− 1) dr. (78)
It can be written as U = −TSB where SB =
−kB
∫
(ρ/m)(ln ρ − 1) dr is the Boltzmann entropy. For
a uniform density, we obtain
Ua =
kBT
m
(M −Mc) [ln(M −Mc)− lnV − 1] , (79)
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where V = (4/3)piR3 is the total volume of the system.
On the other hand, the gravitational energy of the uni-
form atmosphere in the presence of the “external” poly-
tropic core is given by (see Appendix F)
Wa = −3GMc(M −Mc)
2R
− 3G(M −Mc)
2
5R
. (80)
To obtain these results, we have assumed that Rc 
R which is a very good approximation in all cases of
physical interest.
C. Free energy
Using the foregoing results, the total free energy of the
system (core + halo) is
F = −3− n
5− n
GM2c
Rc
+
kBT
m
(M −Mc) [ln(M −Mc)− lnV − 1]
− 3GMc(M −Mc)
2R
− 3G(M −Mc)
2
5R
. (81)
For a given value of M , R and T , the free energy is a
function F (Mc) of the core mass. The extrema of this
function determine the possible equilibrium states of the
system. More precisely, they determine the possible equi-
librium core masses M
(i)
c as a function of M , R and T .
This is valid both in the canonical and in the microcanon-
ical ensembles. Indeed, the extrema of F (Mc) coincide
with the extrema of S(Mc) at fixed energy. In the canon-
ical ensemble, a minimum of F (Mc) corresponds to a sta-
ble equilibrium state (most probable state) while a max-
imum of F (Mc) corresponds to an unstable equilibrium
state (less probable state). In the microcanonical ensem-
ble, a maximum of S(Mc) at fixed energy corresponds
to a stable equilibrium state (most probable state) while
a minimum of S(Mc) at fixed energy corresponds to an
unstable equilibrium state (less probable state). In this
paper, we only consider the canonical ensemble. The
microcanonical ensemble can be studied along the same
lines (see [33]).
It is convenient to introduce the dimensionless quanti-
ties
x =
Mc
M
, η =
βGMm
R
, (82)
f(x) =
F (Mc)R
GM2
, (83)
and
ν =
[
G
K(n+ 1)
]n/(3−n)
(4pi)1/(3−n)
1
ω
(n−1)/(3−n)
n
×RM (n−1)/(3−n), (84)
so that Eq. (81) can be rewritten as
f(x) = −3− n
5− nνx
(5−n)/(3−n)
+
1
η
(1− x)
[
ln
(
M
V
)
+ ln(1− x)− 1
]
− 3
2
x(1− x)− 3
5
(1− x)2 (85)
with 0 ≤ x ≤ 1.
D. Connection to DM halos
Before going further let us connect the dimensionless
variables introduced previously to the parameters of the
DM halos. The variables x represents the normalized
core mass. Using Eq. (73) it can be written as
x =
Mc
Mh
. (86)
The variable η represents the normalized inverse temper-
ature. For DM halos, using Eqs. (50) and (73), we get
η =
βGMhm
rh
= 1.84. (87)
We see that the normalized inverse temperature is of or-
der 2. This is essentially a consequence of the virial the-
orem. Since our approach is approximate, we will allow
η to vary slightly around this value. Finally, the vari-
able ν characterizes the mass Mh of the DM halos. For
fermionic DM halos, we have
νF = 8
(
4pi2
3
)2/3
1
ω
1/3
3/2
Gm8/3
h2
RM1/3. (88)
This parameter is related to the “degeneracy parameter”
µ introduced in [57] (we have νF ∝ µ2/3). Using Eqs.
(50) and (73), we get
νF = 8
(
4pi2
3
)2/3
1
ω
1/3
3/2
Gm8/3
h2
1√
1.76 Σ0
M
5/6
h . (89)
For noninteracting BECDM halos, we have
νB =
2
ω2
Gm2
~2
RM. (90)
Using Eqs. (50) and (73), we get
νB =
2
ω2
Gm2
~2
1√
1.76 Σ0
M
3/2
h . (91)
For self-interacting BECDM halos in the TF limit, we
have
νTF =
(
Gm3
as~2
)1/2
R. (92)
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This parameter is related to the parameter µ introduced
in [7] (we have νTF ∝ µ1/2). Using Eqs. (50) and (73),
we get
νTF =
(
Gm3
as~2
)1/2
1√
1.76 Σ0
M
1/2
h . (93)
E. Equilibrium states
The equilibrium states, corresponding to f ′(x) = 0,
are the solutions of the equation
ln(1−x)− 9
5
xη+
3
10
η+ln
(
M
V
)
+νηx2/(3−n) = 0. (94)
This equation determines the normalized core mass x =
Mc/M as a function of η, ν and M/V . For x = 0 (gaseous
phase) we find η(0) = −(10/3) ln(M/V ) ≡ η0. Setting
ln
(
M
V
)
= − 3
10
η0, (95)
we can rewrite Eq. (94) as
ln(1− x) + νηx2/(3−n) − 9
5
xη +
3
10
(η − η0) = 0. (96)
The solutions of this equation can be easily found by
studying the inverse function
η(x) =
η0 − 103 ln(1− x)
1 + 103
[
νx2/(3−n) − 95x
] (97)
for a given value of ν (see Fig 4). Our analytical model
is valid for sufficiently large values of ν (corresponding to
large DM halos). On the other hand, the results depend
on the value of n. In the following, we assume 1 < n < 3.9
For x→ 0, we get
η(x) = η0 +
(
6η0 +
10
3
)
x+ ... (98)
Close to x = 0, the curve η(x) is always increasing. For
x→ 1, we get
η ∼ − ln(1− x)
ν − 32
→ +∞, (99)
where we have assumed ν > 3/2 in order to avoid un-
physical results due to the invalidity of our model for
small values of ν.
We note that the inverse temperature η(x) becomes
infinite at some xi 6= 1 when the denominator in Eq.
(97) vanishes, i.e., when
1 +
10
3
[
νx
2/(3−n)
i −
9
5
xi
]
= 0. (100)
9 The index n = 1 is special and has been treated in [7]. The
condition n < 3 is required in order to have a stable core [35].
Instead of solving Eq. (100) for xi as a function of ν, it
is simpler to study the inverse function
ν(xi) =
9
5xi − 310
x
2/(3−n)
i
. (101)
This function (not represented) has the following prop-
erties: (i) ν(xi) is positive provided that xi ≥ 1/6; (ii)
ν(1) = 3/2; (iii) there is a maximum
ν∗ =
3(3− n)
10(n− 1) [3(n− 1)]
2/(3−n) (102)
at (xi)∗ = 1/[3(n − 1)]. In order to avoid unphysical
results related to the divergence of the inverse tempera-
ture at some xi 6= 1, we assume that ν > ν∗. We find
ν∗ = 2.7 for n = 2 and ν∗ = 1.545 for n = 3/2. In a sense,
this critical value ν∗ is the counterpart of the canonical
critical point that appears in the exact caloric curve of
self-gravitating fermions and bosons (see Fig. 32 of [57]
for fermions), although it manifests itself in a singular
manner in our simple analytical model.
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FIG. 4: The function η(x) for different values of ν and for
n = 3/2 (the figure for n = 2 is similar). We have indicated
the gaseous phase (G), the condensed phase (C) and the core-
halo phase (CH) on the curve corresponding to ν = 5.
When ν > ν∗ the curve η(x) presents a maximum at
(xc(ν), ηc(ν)) and a minimum at (x∗(ν), η∗(ν)). They are
determined by the equations
ln(1− xe) + 1
1− xe
3
10 + νx
2/(3−n)
e − 95xe
2
3−nνx
(n−1)/(3−n)
e − 95
− 3
10
η0 = 0
(103)
and
ηe =
η0 − 103 ln(1− xe)
1 + 103
[
νx
2/(3−n)
e − 95xe
] . (104)
Instead of solving Eq. (103) for xe as a function of ν, it
is simpler to study the inverse function
ν(xe) =
3
10 − 95xe + 95
[
3
10η0 − ln(1− xe)
]
(1− xe)
(1− xe)
[
3
10η0 − ln(1− xe)
]
2
3−nx
n−1
3−n
e − x
2
3−n
e
.
(105)
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The values of (xc, ηc) and (x∗, η∗) characterizing the max-
imum and the minimum of the curve η(x) as a function
of ν (see Fig. 4) are plotted in Figs. 5 and 6. We note
that ηc(ν) and η∗(ν) decrease as ν increases. This is con-
sistent with the properties of the exact caloric curve of
self-gravitating fermions (see Fig. 34 in [57]).
For ν → +∞, we find that
xc ∼
[
3− n
2
(
9
5
+
1
η0
)
1
ν
](3−n)/(n−1)
→ 0 (106)
and
ηc → η0. (107)
Therefore, we can identify η0 with the critical in-
verse temperature of a purely isothermal (x = 0) self-
gravitating gas confined within a box [57], i.e., we set
η0 = 2.52. (108)
On the other hand, for ν → +∞, we find that x∗ → xc∗,
where xc∗ is the solution of the equation
ln(1− xc∗) +
3− n
2
xc∗
1− xc∗
− 3
10
η0 = 0. (109)
We numerically obtain xc∗ ' 0.7355 for n = 3/2 and
xc∗ ' 0.837 for n = 2. We then find that
η∗ ∼ 3− n
2ν
(xc∗)
(1−n)/(3−n)
1− xc∗
→ 0. (110)
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FIG. 5: The functions ν(xc) and ν(x∗). By inversion, they
give the values of xc and x∗ as a function of ν. The solid
lines correspond to n = 3/2 and the dashed lines correspond
to n = 2.
F. Stability of the equilibrium states
Let us now consider more specifically the function f(x)
giving the free energy of the system as a function of the
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FIG. 6: The values of ηc and η∗ as a function of ν. The solid
lines correspond to n = 3/2 and the dashed lines correspond
to n = 2.
core mass x for a given value of ν and η. Using Eq. (95),
we can rewrite Eq. (85) as
f(x) = −3− n
5− nνx
(5−n)/(3−n)
+
1
η
(1− x)
[
− 3
10
η0 + ln(1− x)− 1
]
− 3
2
x(1− x)− 3
5
(1− x)2. (111)
Its first derivative is
f ′(x) = −νx2/(3−n)+ 3
10
η0
η
−1
η
ln(1−x)− 3
10
+
9
5
x. (112)
The condition f ′(x) = 0 determines the possible equilib-
rium states of the system as we have just seen. The stabil-
ity of these equilibrium states in the canonical ensemble
is then determined by the sign of the second derivative
of the free energy:
f ′′(x) = −ν 2
3− nx
(n−1)/(3−n) +
1
η(1− x) +
9
5
. (113)
In the canonical ensemble an equilibrium state is stable
when f ′′(x) > 0, corresponding to a minimum of free
energy, and unstable when f ′′(x) < 0, corresponding to
a maximum of free energy. In Fig. 7 we have plotted
the curve f(x) in the case η∗ < η < ηc where the system
has three equilibrium states as detailed in the following
section.
The values of the function f(x) at x = 0 and x = 1 are
f(0) = −1
η
(
3
10
η0 + 1
)
− 3
5
(114)
and
f(1) = −3− n
5− nν. (115)
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FIG. 7: The function f(x) for η∗ < η < ηc (specifically n =
3/2, ν = 5 and η = 1.2).
For x→ 0, we find that
f(x) = f(0) +
3
10
(
η0
η
− 1
)
x+ ... (116)
The term in parenthesis is positive when η < η0 and
negative when η > η0. Since the function f(x) is de-
fined for x ≥ 0, and since the slope of the function f(x)
at x = 0 is positive when η < η0, the solution x = 0
(gaseous phase) is a local minimum of f(x) in that case
even though f ′(0) 6= 0. We shall therefore consider that
the solution x = 0 is a stable equilibrium state when
η < η0. When η0 < η < ηc, the function f(x) admits
a local minimum (f ′(x1) = 0 and f ′′(x1) > 0) at some
x1 > 0. This is consistent with the fact that the slope
of the function f(x) at x = 0 is negative in that case.
We note that x1 is always very close to zero in practice
so that the function f(x) always look like Fig. 7 when
η∗ < η < ηc.
G. The different equilibrium states
After the mathematical preliminaries, we are now
ready to perform the complete analysis of the equilib-
rium states of our simple analytical model. As explained
previously we assume ν > ν∗.
The curve η(x) is made of a vertical branch at x = 0
up to η = η0, then it increases, reaches a maximum ηc
at xc, decreases, reaches a minimum η∗ at x∗, and finally
increases up to infinity when x → 1 (see Fig. 4). When
η < η∗, there is a unique equilibrium state (x = 0). It cor-
responds to the gaseous phase (G). When η > ηc, there
is a unique equilibrium state (x ' 1). It corresponds
to the condensed phase (C). They are both stable (min-
ima of free energy). When η∗ < η < ηc there are three
equilibrium states (see Fig. 7): (i) a gaseous phase (G);
(ii) a core-halo phase (CH); (iii) a condensed phase (C).
Let us analyze these solutions in more detail in the limit
ν → +∞ with η < η0:
(i) The gaseous solution (G) corresponds to a purely
isothermal halo without core. The core mass is equal to
zero: xG = 0. This solution is stable, being a minimum
of free energy, although the derivative of f(x) does not
vanish at x = 0 as explained above.
(ii) The core-halo solution (CH) corresponds to an
isothermal halo harboring a core with a small mass
(xCH  1). From Eq. (96), we find that the normal-
ized core mass scales as
xCH ∼
[
3
10
η0 − η
η
1
ν
](3−n)/2
. (117)
Substituting Eq. (117) into Eq. (113) we find that
f ′′(xCH) ∼ − 2
3− n
[
3
10
η0 − η
η
](n−1)/2
ν(3−n)/2 → −∞.
(118)
Therefore, the core-halo solution is unstable in the canon-
ical ensemble being a maximum of free energy. It is sim-
ilar to a “germ” or a “critical droplet” in the langage of
phase transitions. It has a negative specific heat [7]. It
may, however, be stable in the microcanonical ensemble
which is physically more relevant than the canonical en-
semble (see the discussion in [7]). In the following, we
shall assume that the core-halo state is stable in the mi-
crocanonical ensemble (being an entropy maximum) or,
at least, that it has a very long lifetime.
(iii) The condensed solution (C) corresponds to a quan-
tum core surrounded by a tenuous atmosphere (xC ∼ 1).
From Eq. (96), we find that the normalized core mass
scales as
1− xC ∝ e−ην , (119)
showing that the quantum core contains almost all the
mass. Substituting Eq. (119) into Eq. (113) we find that
f ′′(xC) ∝ 1
η
eην → +∞. (120)
Therefore, the condensed solution is stable being a min-
imum of free energy.
The gaseous solutions (G) constitute the lower branch
of the generic phase diagram Mc(Mh) reported in Fig.
49 of [7]. The core-halo solutions (CH) constitute the
upper branch of this phase diagram that appears above a
canonical critical point (bifurcation point) (Mh)CCP here
identified with ν∗. This is the branch of most physical
interest in the physics of DM halos. The core mass – halo
mass relation on the core-halo branch (CH) is studied in
detail in the following sections.
V. JUSTIFICATION OF THE VELOCITY
DISPERSION TRACING RELATION AND
DETERMINATION OF THE Mc(Mv) RELATION
A. The velocity dispersion tracing relation
We consider the core-halo solution (CH) of Sec. IV G.
The normalized core mass is given by Eq. (117). We
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first show that this result is equivalent to the “velocity
dispersion tracing” relation [7, 34]
v2c ∼ v2h or Mc ∼
Rc
rh
Mh, (121)
stating that the velocity dispersion in the core v2c ∼
GMc/Rc is of the same order as the velocity dispersion
in the halo v2h ∼ GMh/rh. Using Eq. (74), this relation
can be rewritten as
Mc ∼
[
K(n+ 1)
G
]n/2
ω
(n−1)/2
n
(4pi)1/2
(
Mh
rh
)(3−n)/2
. (122)
On the other hand, using Eqs. (82) and (84), we find
that Eq. (117) is equivalent to
Mc ∼
[
3
10
η0 − η
η
](3−n)/2 [
K(n+ 1)
G
]n/2
ω
(n−1)/2
n
(4pi)1/2
×
(
Mh
rh
)(3−n)/2
.(123)
The formulae (122) and (123) are consistent with each
other up to a multiplicative factor of order unity. They
exactly coincide if we take
η =
3
13
η0 = 0.582. (124)
As a result, Eq. (117) is equivalent to the “velocity dis-
persion tracing” relation from Eq. (121). Our study
provides therefore a justification of this relation from (ef-
fective) thermodynamical arguments.
B. The Mc(Mh) relation
If we now substitute the relation Mh = 1.76 Σ0r
2
h from
Eq. (50) into Eq. (122) we obtain
Mc ∼
[
K(n+ 1)
G
]n/2
ω
(n−1)/2
n
(4pi)1/2
(1.76 Σ0Mh)
(3−n)/4.(125)
This equation gives the relation between the core mass
Mc and the halo mass Mh. It displays the fundamental
scaling
Mc ∝M (3−n)/4h . (126)
Combining Eq. (125) with the minimum halo mass from
Eq. (G6), we get
Mc
(Mh)min
∼ An
[
Mh
(Mh)min
](3−n)/4
, (127)
where
An =
(
1.76
4pi
)(3−n)/4
ξ
(n+1)/2
1 (−θ′1)(n−1)/2
ξ
(3n−1)/4
h (−θ′h)(n+1)/4
(128)
is a constant of order unity.
C. The Mc(Mv) relation
Following our previous work [7], we have defined the
halo mass Mh and the halo radius rh such that rh repre-
sents the distance at which the central density is divided
by 4 (see Appendix G). However, Schive et al. [26] use
another definition of the halo mass Mv and halo radius
rv. They are connected by
Mv =
4
3
pir3vζ(0)ρm,0 (129)
where ρm,0 = Ωm,00/c
2 is the present background mat-
ter density in the Universe and ζ(0) is a prefactor of or-
der ∼ 350. For the numerical applications, we shall take
Ωm,0 = 0.3089 and 0/c
2 = 8.62 × 10−24 g m−3 giving
ρm,0 = 2.66× 10−24 g m−3 [2]. Using
GMv
rv
∼ GMh
rh
, (130)
in consistency with Eq. (121), and Eqs. (50) and (129),
we obtain
Mh ∼ 1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
M4/3v . (131)
The scaling Mh ∝M4/3v was previously noted in [7]. Nor-
malizing the halo mass by the minimum halo mass, we
get
Mh
(Mh)min
∼ Bn
[
Mv
(Mh)min
]4/3
(132)
with
Bn =
1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
(Mh)
1/3
min. (133)
Combining Eqs. (127) and (132), we finally obtain the
core mass – halo mass relation
Mc
(Mh)min
∼ AnB(3−n)/4n
[
Mv
(Mh)min
](3−n)/3
. (134)
It exhibits the fundamental scaling Mc ∼M (3−n)/3v .
Remark: Since Bn is a dimensioness constant of order
10−3 (see below), Eq. (133) provides a relation between
the DM particle parameters (m, as) [via (Mh)min], the
universal DM surface density Σ0 and the present density
of matter in the Universe ρm,0. Expressing Σ0 and ρm,0 in
terms of the cosmological constant Λ, we will be able (see
Sec. VI) to obtain the DM particle parameters (m, as)
in terms of the fundamental constants of physics.
VI. APPLICATION TO QUANTUM MODELS
OF DM HALOS
We now apply these results to quantum models of DM
halos made of fermions, noninteracting bosons, and self-
interacting bosons as described in Sec. II. For reasons
that will become clear below, we treat the case of nonin-
teracting bosons first.
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A. Noninteracting bosons
A noninteracting self-gravitating BEC (as = 0) is
equivalent to a polytrope of index n = 2 with a poly-
tropic constant given by Eq. (E3) (see Sec. II B and
Appendix E). Using Eqs. (127), (128) and the results of
Appendix G, we get
Mc
(Mh)min
∼ 1.84
[
Mh
(Mh)min
]1/4
. (135)
On the other hand, using Eqs. (26) and (133), we find
that
B2 =
1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
(1.61)1/3
(
~4Σ0
G2m4
)1/9
= 2.04× 10−3. (136)
Therefore, Eq. (132) takes the form
Mh
(Mh)min
∼ 2.04× 10−3
[
Mv
(Mh)min
]4/3
. (137)
Combining Eqs. (135) and (137), we obtain the core mass
– halo mass relation
Mc
(Mh)min
∼ 0.391
[
Mv
(Mh)min
]1/3
. (138)
It exhibits the fundamental scaling Mc ∝ M1/3v . This
theoretical scaling is consistent with the scaling found
numerically by Schive et al. [26]. These authors also
presented an heuristic argument to justify this relation.
As discussed in Refs. [7, 34], their argument is equiva-
lent to assuming the velocity dispersion tracing relation
(121). We stress, however, that this relation is not ob-
vious a priori and that other relations, such as the en-
ergy tracing relation, could be contemplated as well [34].
They would lead to different results. The fact that the
velocity dispersion tracing relation (121) can be justified
from a free energy extremization principle, as shown in
the present paper, may provide a physical basis for it.
On the other hand, reversing Eq. (136) following the
remark at the end of Sec. V C, we get
m =
(1.61)3/4
(1.76)9/4
[
4
3
piζ(0)ρm,0
]3/2 ~
Σ20G
1/2
1
B2
9/4
. (139)
The present matter density in the Universe is given by
ρm,0 = Ωm,00/c
2 and the density of dark energy is given
by ρΛ = Λ/8piG = Ωde,00/c
2 where Ωde,0 ' 1 − Ωm,0 =
0.6911 is the present fraction of dark energy and Λ =
1.00× 10−35 s−2 is the cosmological constant. Therefore,
we can write the present DM density in terms of the
cosmological constant as
ρm,0 =
Ωm,0
Ωde,0
Λ
8piG
= 0.0178
Λ
G
. (140)
On the other hand, in the framework of the logotropic
model [58–60], we have theoretically predicted that the
surface density of the DM halos is constant and that its
universal value is given in terms of an effective cosmo-
logical constant (whose value is the same as Einstein’s
cosmological constant) by10
Σ0 = 0.0207
c
√
Λ
G
. (141)
Now that this formula has been isolated, we can use it in-
dependently from the theory developed in [58–60]. Com-
bining Eqs. (139), (140) and (141) we find that the mass
of the noninteracting bosonic particle is given by
m = 1.41× 1011mΛ, (142)
where
mΛ =
~
√
Λ
c2
= 2.08× 10−33 eV/c2. (143)
This mass scale is often interpreted as the smallest mass
of the bosons predicted by string theory [61] or as the up-
per bound on the mass of the graviton [62].11 This is also
the mass of an hypothetical particle called the cosmon.
We see that it fixes the mass scale of the DM particle in
the case where it is a noninteracting boson. Nevertheless,
there is a huge proportionality factor between them, of
the order of 1011. We have also found this result in Ap-
pendix F of [60] from considerations based on the Jeans
instability. These considerations are further developed in
Appendix I and generalized to the case of self-interacting
bosons and fermions.
Remark: Returning to original variables, and using
Eqs. (50), (121) and (E5), the core mass – halo mass
relation of DM halos made of noninteracting bosons may
be written as
Mc ∼ 2.29
(
~2Mh
Gm2rh
)1/2
∼ 2.64
(
~4Σ0Mh
G2m4
)1/4
(144)
leading to Mc ∝M1/4h ∝M1/3v .
B. Self-interacting bosons
A self-gravitating BEC with a repulsive self-interaction
in the TF limit (~ = 0) is equivalent to a polytrope of
10 We emphasize that there is no free parameter in the logotropic
model [58–60].
11 It is simply obtained by equating the Compton wavelength of the
particle λC = ~/mc with the Hubble radius RΛ = c/H0 ∼ c/
√
Λ
(the typical size of the visible Universe) giving mΛ = ~H0/c2 ∼
~
√
Λ/c2. By comparison, if we identify the Compton wavelength
λC = ~/mc with the Schwarzschild radius rS ∼ Gm/c2 we get
the Planck mass MP = (~c/G)1/2.
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index n = 1 with a polytropic constant given by Eq. (30)
(see Sec. II C). Using Eqs. (127), (128) and the results
of Appendix G, we get
Mc
(Mh)min
∼ 1.16
[
Mh
(Mh)min
]1/2
. (145)
On the other hand, using Eqs. (43) and (133), we find
that
B1 =
1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
(13.0)1/3
(
as~2Σ0
Gm3
)1/3
= 3.43× 10−3. (146)
Therefore, Eq. (132) takes the form
Mh
(Mh)min
∼ 3.43× 10−3
[
Mv
(Mh)min
]4/3
. (147)
Combining Eqs. (145) and (147), we obtain the core mass
– halo mass relation
Mc
(Mh)min
∼ 6.79× 10−2
[
Mv
(Mh)min
]2/3
. (148)
It exhibits the fundamental scaling Mc ∝ M2/3v . This
is a new theoretical prediction [7] that still has to
be tested with direct numerical simulations of self-
interacting bosons.
On the other hand, reversing Eq. (146) following the
remark at the end of Sec. V C, we get
m3
as
=
13.0
(1.76)3
[
4
3
piζ(0)ρm,0
]2 ~2
GΣ20
1
B31
. (149)
Using Eqs. (140) and (141) we obtain
as
m3
= 5.34× 10−15 rΛ
m3Λ
, (150)
where
rΛ
m3Λ
=
2Gc2
Λ~2
= 6.11× 1017 fm (eV/c2)−3. (151)
In this expression, mΛ is the mass of the cosmon given
by Eq. (143) and
rΛ =
2GmΛ
c2
= 5.51× 10−96 m (152)
is the gravitational radius of the cosmon [60].
Remark: Returning to original variables, and using
Eqs. (33), (50) and (121), the core mass – halo mass
relation of DM halos made of self-interacting bosons in
the TF limit may be written as
Mc ∼ pi
(
as~2M2h
Gm3r2h
)1/2
∼ 4.17
(
as~2Σ0Mh
Gm3
)1/2
(153)
leading to Mc ∝M1/2h ∝M2/3v .
C. Fermions
A fermionic core is equivalent to a polytrope of index
n = 3/2 with a polytropic constant given by Eq. (4) (see
Sec. II A). Using Eqs. (127), (128) and the results of
Appendix G, we get
Mc
(Mh)min
∼ 1.50
[
Mh
(Mh)min
]3/8
. (154)
On the other hand, using Eqs. (14) and (133), we find
that
B3/2 =
1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
(4.47)1/3
(
~12Σ30
G6m16
)1/15
= 2.70× 10−3. (155)
Therefore, Eq. (132) takes the form
Mh
(Mh)min
∼ 2.70× 10−3
[
Mv
(Mh)min
]4/3
. (156)
Combining Eqs. (154) and (156), we obtain the core mass
– halo mass relation
Mc
(Mh)min
∼ 0.163
[
Mv
(Mh)min
]1/2
. (157)
It exhibits the fundamental scaling Mc ∝ M1/2v . This
theoretical scaling, previously given in the form of Eq.
(154) in Appendix H of [63], is consistent with the scaling
found numerically by Ruffini et al. [64] (they find an
exponent equal to 0.52 instead of 1/2).
On the other hand, reversing Eq. (155) following the
remark at the end of Sec. V C, we get
m =
(4.47)5/16
(1.76)15/16
[
4
3
piζ(0)ρm,0
]5/8 ~3/4
Σ
3/4
0 G
3/8
1
B
15/16
3/2
.
(158)
Using Eqs. (140) and (141) we obtain
m = 3.38× 104m∗Λ, (159)
where
m∗Λ =
(
Λ~3
Gc3
)1/4
=
√
mΛMP = 5.04× 10−3 eV/c2.
(160)
To our knowledge, this mass scale has not been intro-
duced before. It is the geometric mean of the cosmon
mass mΛ given by Eq. (143) and the Planck mass
MP = (~c/G)1/2 = 2.18× 10−5 g.12
12 In comparison, using the results of [60], the mass of the electron
may be written in terms of the fundamental constants of physics
as me = 1.03α(mΛM
2
P )
1/3 = 9.11× 10−28 g where α ' 1/137 is
the fine structure constant.
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Remark: Comparing Eqs. (136), (146) and (155), we
note that the value of Bn defined by Eq. (133) is rela-
tively insensitive on the value of the polytropic index n
for the cases contemplated. This is because the param-
eters have been chosen so that (Mh)min typically has a
fixed value (∼ 108M).
Remark: Returning to original variables, and using
Eqs. (6), (50) and (121), the core mass – halo mass
relation of DM halos made of fermions may be written
as
Mc ∼ 3.10~
3/2
m2
(
Mh
Grh
)3/4
∼ 3.83~
3/2
m2
(
MhΣ0
G2
)3/8
(161)
leading to Mc ∝M3/8h ∝M1/2v .
D. Semiclassical limit
It is interesting to study how the mass Mc, the ra-
dius Rc, the velocity dispersion GMc/Rc and the en-
ergy GM2c /Rc in the core behave in the semiclassical
limit ~ → 0. For noninteracting bosons, using Eq.
(144), we find Mc ∼ Rc ∼ GM2c /Rc ∼ ~ → 0 and
GMc/Rc ∼ 1. For self-interacting bosons, using Eq.
(153), we find Mc ∼ Rc ∼ GM2c /Rc ∼ ~ → 0 and
GMc/Rc ∼ 1. For fermions, using Eq. (161), we find
Mc ∼ Rc ∼ GM2c /Rc ∼ ~3/2 → 0 and GMc/Rc ∼ 1.
VII. GAUSSIAN ANSATZ
In this section, we obtain the core mass – halo mass re-
lation of DM halos by combining the velocity dispersion
tracing relation (121) with the approximate core mass-
radius relation of a self-gravitating BEC at T = 0 ob-
tained in [6] from a Gaussian ansatz. This allows us to
recover the preceding results and to generalize them to
the case of a repulsive self-interaction (as > 0), with-
out making the TF approximation, and to the case of an
attractive self-interaction (as < 0). Throughout this sec-
tion, we introduce appropriate normalizations in order
to clearly see the physical origin of the parameters and
be able to refine the numerical applications when more
precise data will be available.
A. Core mass-radius relation
Using a Gaussian ansatz, it is found in [6] that the ap-
proximate mass-radius relation of a self-gravitating BEC
at T = 0 (ground state) is given by
Mc =
2σ
ν
~2
Gm2Rc
1− 6piζas~2νGm3R2c
(162)
with the coefficients σ = 3/4, ζ = 1/(2pi)3/2 and ν =
1/
√
2pi. Inversely, the radius can be expressed in terms
of the mass as
Rc =
σ
ν
~2
GMcm2
(
1±
√
1 +
6piζν
σ2
GmM2c as
~2
)
(163)
with + when as > 0 and with ± when as < 0. The results
of [6] describe the “minimum halo” (ground state) or the
quantum core of larger halos. For noninteracting BECs
(as = 0), the mass-radius relation reduces to
Mc =
2σ
ν
~2
Gm2Rc
. (164)
In the repulsive case (as > 0) the mass-radius relation is
monotonic (see Fig. 2 of [6]). There is a minimum radius
(Rc)min =
(
6piζ
ν
)1/2(
as~2
Gm3
)1/2
(165)
corresponding to Mc → +∞ (TF limit). For R 
(Rc)min we are in the noninteracting limit (164). In the
attractive case (as < 0) the mass-radius relation is non-
monotonic (see Fig. 3 of [6]). There is a maximum mass
(Mc)max =
(
σ2
6piζν
)1/2 ~√
Gm|as|
(166)
corresponding to the radius
(Rc)∗ =
(
6piζ
ν
)1/2( |as|~2
Gm3
)1/2
. (167)
No equilibrium state exist with a mass Mc > (Mc)max.
For Mc < (Mc)max the branch Rc > (Rc)∗ (correspond-
ing to the solutions (163) with the sign +) is stable and
the branch Rc < (Rc)∗ (corresponding to the solutions
(163) with the sign −) is unstable. For R  (Rc)∗ we
are in the noninteracting limit (164) and for R  (Rc)∗
we are in the (unstable) nongravitational limit where
Mc =
σ
3piζ
mRc
|as| . (168)
B. The minimum halo mass
We first determine the minimum halo mass (Mh)min.
As explained previously, the minimum halo corresponds
to the ground state (T = 0) of the self-gravitating BEC.
In our approximate approach we write the surface density
as
Σ0 = α
Mc
R2c
, (169)
where α is a constant of order unity (in the numerical
applications we take α = 1/1.76 for the reason explained
in footnote 13). Eliminating Rc between Eqs. (162) and
(169), and treating Σ0 as a universal constant, we get
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the minimum halo mass (Mh)min as a function of m and
as (we recall that Mh = Mc for the ground state). For
noninteracting BECs (as = 0) we find that the minimum
halo mass is
(Mh)min,0 =
22/3σ2/3
ν2/3α1/3
(
~4Σ0
G2m4
)1/3
. (170)
The prefactor is 2.92. This can be compared with
Eq. (26). Measuring the DM particle mass in units of
10−22eV/c2, we get (Mh)min,0 = 2.95×108m−4/3M. In
the general case, valid for an arbitrary value of as, we
find that the minimum halo mass (Mh)min is determined
by the equation
as
a∗
=
(Mh)min
(Mh)min,0
−
√
(Mh)min,0
(Mh)min
, (171)
where we have introduced the appropriate length scale
a∗ =
22/3σ2/3α2/3ν1/3
6piζ
(
Gm5
~2Σ20
)1/3
. (172)
The prefactor is 0.553. Measuring the DM particle mass
in units of 10−22eV/c2, we get a∗ = 1.28×10−62m5/3 fm.
For as = 0 we recover (Mh)min = (Mh)min,0. More gen-
erally, the noninteracting limit is valid for |as|  a∗. The
relation (Mh)min/(Mh)min,0 vs as/a∗ is plotted in Fig. 8.
For a given mass m, we see that (Mh)min is larger than
(Mh)min,0 when as > 0 and smaller when as < 0.
(i) In the repulsive case, for as  a∗, we have
(Mh)min
(Mh)min,0
∼ as
a∗
. (173)
This corresponds to the TF limit. Returning to the orig-
inal variables, we obtain
(Mh)min ∼ 6piζ
αν
as~2Σ0
Gm3
. (174)
The prefactor is 5.28. This can be compared with Eq.
(43).
(ii) In the attractive case, for |as|  a∗, we have
(Mh)min
(Mh)min,0
∼
(
a∗
as
)2
. (175)
This corresponds to the nongravitational limit in which
the configurations are unstable. Returning to the original
variables, we obtain
(Mh)min ∼ 4σ
2α
(6piζ)2
m2
Σ0a2s
. (176)
The prefactor is 0.892. On the other hand, the normal-
ized maximum mass (166) can be written as
(Mc)max
(Mh)min,0
=
1
2
(
a∗
|as|
)1/2
. (177)
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FIG. 8: Minimum halo mass (Mh)min as a function of the scat-
tering length as for a fixed mass m of the DM particle (solid
line). We have also plotted the maximum mass (Mc)max [6]
as a function of as < 0 (dashed line). The mass is normalized
by (Mh)min,0 and the scattering length by a∗. The stable
part of the curve starts at the critical minimum halo point
((as)c, (Mh)min,c).
We find that the minimum halo is critical (i.e. (Mh)min =
(Mc)max) for
(as)c
a∗
= − 1
22/3
,
(Mh)min,c
(Mh)min,0
=
1
22/3
. (178)
Returning to the original variables, we obtain
(as)c = −σ
2/3α2/3ν1/3
6piζ
(
Gm5
~2Σ20
)1/3
, (179)
(Mh)min,c =
σ2/3
α1/3ν2/3
(
~4Σ0
G2m4
)1/3
. (180)
The prefactors are 0.348 and 1.84. Measuring the
DM particle mass in units of 10−22eV/c2, we get
(as)c = −8.06 × 10−63m5/3 fm and (Mh)min,c = 1.86 ×
108m−4/3M. These relations can be directly obtained
by writing Σ0 = α(Mc)max/(Rc)
2
∗ and using Eqs. (166)
and (167). Stable minimum halos exists only for as ≥
(as)c. They have a mass (Mh)min ≥ (Mh)min,c. When
as < (as)c the minimum halos are unstable (they cor-
respond to the branch Rc < (Rc)∗ of the mass-radius
relation). We note that (Mh)min,c is relatively close
to (Mh)min,0. Therefore, when (as)c < as < 0, the
minimum halo mass (Mh)min is always of the order of
(Mh)min,0 (see the stripe in Fig. 8).
For bosons with an attractive self-interaction, like the
axion [11], it is more convenient to express the results in
terms of the decay constant (see, e.g., [52])
f =
(
~c3m
32pi|as|
)1/2
, (181)
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FIG. 9: Minimum halo mass (Mh)min as a function of the
decay constant f for a fixed mass m of the DM particle (solid
line). We have also plotted the maximum mass (Mc)max
[6] as a function of f (dashed line). The mass is normal-
ized by (Mh)min,0 and the decay constant by f∗. The stable
part of the curve starts at the critical minimum halo point
(fc, (Mh)min,c).
rather than the scattering length as. We can write
f
f∗
=
(
a∗
|as|
)1/2
(182)
with
f∗ =
(6piζ)1/2
(32pi)1/221/3σ1/3α1/3ν1/6
~5/6Σ1/30 c3/2
G1/6m1/3
. (183)
The prefactor is 0.134. Measuring the DM particle
mass in units of 10−22eV/c2, we get f∗ = 1.24 ×
1014m−1/3 GeV. Eq. (171) can be rewritten as(
f∗
f
)2
=
√
(Mh)min,0
(Mh)min
− (Mh)min
(Mh)min,0
. (184)
It determines the minimum halo mass (Mh)min in terms
of m and f . This relation is plotted in Fig. 9. The
maximum mass (166) can be written as
(Mc)max =
(
32piσ2
6piζν
)1/2( ~
Gc3
)1/2
f
m
(185)
or, in normalized form, as
(Mc)max
(Mh)min,0
=
1
2
f
f∗
. (186)
Using Eqs. (178) and (182), the minimum decay constant
corresponding to the critical minimum halo is
fc
f∗
= 21/3. (187)
Returning to the original variables, we find
fc =
(6piζ)1/2
(32pi)1/2σ1/3α1/3ν1/6
~5/6Σ1/30 c3/2
G1/6m1/3
. (188)
The prefactor is 0.169. Measuring the DM particle
mass in units of 10−22eV/c2, we get fc = 1.56 ×
1014m−1/3 GeV. Only the upper part of the curve
(Mh)min(f) starting from the point (fc, (Mh)min,c) is sta-
ble. The noninteracting limit corresponds to f  f∗.
C. The m(as) and m(f) relations
If we consider that the minimum halo mass (Mh)min
is known from the observations, and take (Mh)min ∼
108M (Fornax) to fix the ideas, we can use the rela-
tion (171) to determine the mass m that the DM particle
must have as a function of its scattering length as in order
to match the value of the minimum halo mass (Mh)min.
For as = 0 we find from Eq. (170) that
m0 =
21/2σ1/2
ν1/2α1/4
~Σ1/40
G1/2(Mh)
3/4
min
. (189)
The prefactor is 2.23. In that case we obtain m0 = 2.25×
10−22 eV/c2 which can be compared to Eq. (24). We can
then write
(Mh)min
(Mh)min,0
=
(
m
m0
)4/3
. (190)
On the other hand, we can write
as
a∗
=
as
a′∗
(m0
m
)5/3
, (191)
where we have introduced the appropriate length scale
a′∗ =
23/2σ3/2α1/4
ν1/26piζ
~
G1/2Σ
1/4
0 (Mh)
5/4
min
. (192)
The prefactor is 2.11. We find a′∗ = 4.95 × 10−62 fm.
Substituting Eqs. (190) and (191) into Eq. (171), we
obtain
as
a′∗
=
(
m
m0
)3
− m
m0
. (193)
This relation determines the mass m of the DM particle
as a function of its scattering length as in order to yield
a minimum halo of mass (Mh)min. It is plotted in Fig.
10. For as = 0, we recover m = m0. More generally,
the noninteracting limit corresponds to |as|  a∗. We
see that m is larger than m0 when as > 0 and smaller
when as < 0. Therefore, we can increase the DM particle
mass by allowing for a repulsive self-interaction between
the bosons. As discussed in Appendix D.4 of [14] this
could alleviate some tensions with observations of the
Lyman-α forest encountered in the noninteracting model
[27]. By contrast, an attractive self-interaction implies a
(slightly) smaller DM particle mass and may therefore be
even more in conflict with observations of the Lyman-α
20
forest. As a result, a repulsive self-interaction (as > 0) is
priviledged over an attractive self-interaction (as < 0).
(i) In the repulsive case, for as  a′∗, we have
m
m0
∼
(
as
a′∗
)1/3
. (194)
This corresponds to the TF limit. Returning to the orig-
inal variables, we obtain
as
m3
∼ να
6piζ
G(Mh)min
~2Σ0
. (195)
The prefactor is 0.189. We find as/m
3 = 4.35 ×
103 fm/(eV/c2)3 which can be compared with Eq. (39).
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FIG. 10: Mass m of the DM particle as a function of its
scattering length as for a fixed minimum halo mass (Mh)min
(solid line). The mass is normalized by m0 and the scattering
length by a′∗. The stable part of the curve starts at the critical
minimum halo point ((as)c,mc).
(ii) In the attractive case, the curve m(as) presents a
turning point at
(as)min
a′∗
= − 2
3
√
3
,
m∗
m0
=
1√
3
. (196)
However, this turning point does not correspond to the
critical minimum halo for which [see Eqs. (178), (190)
and (191)]
(as)c
a′∗
= − 1
23/2
,
mc
m0
=
1√
2
. (197)
Returning to the original variables, we find
(as)c = −σ
3/2α1/4
6piζν1/2
~
G1/2Σ
1/4
0 (Mh)
5/4
min
, (198)
mc =
σ1/2
α1/4ν1/2
~Σ1/40
G1/2(Mh)
3/4
min
. (199)
The prefactors are 0.746 and 1.58. We find (as)c =
−1.75 × 10−62 fm and mc = 1.59 × 10−22 eV/c2 which
can be compared with Eq. (D19) in Appendix D of [14].
Only the upper part of the curve m(as) starting from the
point ((as)c,mc) is stable. The existence of stable min-
imum halos in the Universe implies that as ≥ (as)c. In
that case, the DM particle mass satisfies m ≥ mc. We
note that mc is relatively close to m0. Therefore, when
(as)c < as < 0, the minimum DM particle mass m is
always of the order of m0 (see the stripe in Fig. 10).
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FIG. 11: Mass m of the DM particle as a function of its decay
constant f for a fixed minimum halo mass (Mh)min (solid
line). The mass is normalized by m0 and the decay constant
by f ′∗. The stable part of the curve starts at the critical
minimum halo point (fc,mc). The dashed line corresponds
to Eq. (206) predicted by particle physics and cosmology.
The intersection between the two curves determine the mass
and the decay constant of the DM particle.
For bosons with an attractive self-interaction, like the
axion [11], it is more convenient to express the results in
terms of the decay constant (181). We can write
f
f ′∗
=
(
m
m0
)1/2(
a′∗
|as|
)1/2
(200)
with
f ′∗ =
(6piζ)1/2
8pi1/2σ1/2α1/4
~1/2Σ1/40 (Mh)
1/4
minc
3/2. (201)
The prefactor is 0.103. We find f ′∗ = 9.45 × 1013 GeV.
Eq. (193) can be rewritten as
m
m0
=
√
1−
(
f ′∗
f
)2
. (202)
It determines the relation between m and f in order to
have a minimum halo (ground state) of mass (Mh)min.
This relation is plotted in Fig. 11. Using Eqs. (197) and
(200), the minimum decay constant corresponding to the
critical minimum halo is
fc
f ′∗
=
√
2. (203)
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Returning to the original variables, we find
fc =
√
2(6piζ)1/2
8pi1/2σ1/2α1/4
~1/2Σ1/40 (Mh)
1/4
minc
3/2. (204)
The prefactor is 0.146. We find fc = 1.34 × 1014 GeV.
Only the upper part of the curve m(f) starting from the
point (fc,mc) is stable. The existence of stable minimum
halos in the Universe implies that f ≥ fc. In that case,
the DM particle mass satisfies m ≥ mc. The noninter-
acting limit corresponds to f  f ′∗.
There is an interestig by-product of our analysis. In-
deed, particle physics and cosmology lead to the following
relation between f and m [27]:
Ωaxion ∼ 0.1
(
f
1017 GeV
)2 ( m
10−22 eV
)1/2
. (205)
Taking Ωaxion ∼ Ωm,0 = 0.3089 and (Mh)min ∼ 108M,
this relation can be rewritten as
m
m0
∼ 5.32× 1012
(
f
f ′∗
)−4
. (206)
This relation is independent from Eq. (202). Equating
Eqs. (202) and (206), we obtain f = 1520 f ′∗ = 1.44 ×
1017 GeV and m = m0 = 2.25× 10−22 eV/c2. Therefore,
we can determine f and m individually. We note that
m has the same value as in the noninteracting case while
f has a finite value f = 1520 f ′∗ = 1.44 × 1017 GeV. It
corresponds to as = −2.14 × 10−68 fm. Interestingly, f
lies in the range 1016 GeV ≤ f ≤ 1018 GeV expected in
particle physics [27] (we stress that the value of f has
been deduced from our model based on the core mass-
radius relation (162)). Since f  f ′∗, we are essentially
in the noninteracting regime.
Remark: we note that for the critical minimum halo
the ratio
(as)c
m
5/3
c
= −σ
2/3α2/3ν1/3
6piζ
(
G
~2Σ20
)1/3
(207)
is independent of (Mh)min. The prefactor is 0.348. We
find (as)c/m
5/3
c = −3.75× 10−26 fm/(eV/c2)5/3.
D. The Mc(Mh) relation
To obtain the core mass – halo mass relation Mc(Mh)
we use the velocity dispersion tracing relation (121),
the mass-radius relation (163) and the relation Mh =
1.76 Σ0r
2
h from Eq. (50). We obtain
Mc
(Mh)min,0
=
(
Mh
(Mh)min,0
)1/4√
1 +
as
a∗
(
Mh
(Mh)min,0
)1/2
.
(208)
For convenience, we have taken α = 1/1.76. In this man-
ner, when Mc = Mh, we recover the condition (171) de-
termining the minimum halo mass.13 For as = 0, we
get
Mc
(Mh)min,0
=
(
Mh
(Mh)min,0
)1/4
. (210)
This relation is also valid for |as|  a∗. We recover
the scaling from Eq. (135). Returning to the original
variables, we get
Mc =
21/2σ1/2
ν1/2α1/4
(
~4Σ0Mh
G2m4
)1/4
. (211)
The prefactor is 2.23. For a DM halo of mass Mh =
1012M similar to the one that surrounds our Galaxy,
we obtain a core mass Mc = 10
9M (we have taken
(Mh)min = 10
8M).
(i) In the repulsive case, for as  a∗ or Mh Mmin,0,
we have
Mc
(Mh)min,0
=
(
as
a∗
)1/2(
Mh
(Mh)min,0
)1/2
. (212)
This corresponds to the TF limit. Using Eq. (173), we
obtain
Mc
(Mh)min
=
(
Mh
(Mh)min
)1/2
. (213)
We recover the scaling from Eq. (145). Returning to the
original variables, we get
Mc =
(6piζ)1/2
ν1/2α1/2
(
~2Σ0asMh
Gm3
)1/2
. (214)
The prefactor is 2.30. For a DM halo of mass Mh =
1012M similar to the one that surrounds our Galaxy,
we obtain a core mass Mc = 10
10M (we have taken
(Mh)min = 10
8M). The core mass – halo mass relation
for as > 0 is plotted in Figs. 12 and 13. These solutions
are valid for Mh > (Mh)min.
(ii) In the attractive case, the core mass vanishes at
(Mh)Max
(Mh)min,0
=
(
a∗
as
)2
. (215)
13 This can be understood as follows. Combining Eqs. (121) and
(50) we get
Mc
Rc
=
√
1.76 Σ0Mh. (209)
This equation, that uses the relation Mh ∼ 1.76 Σ0r2h, is valid
only for sufficiently large halos. However, if we extrapolate this
equation to the minimum halo for which Mh = Mc, we get
Mc/R2c = 1.76 Σ0. Comparing this equation with Eq. (169)
we obtain α = 1/1.76.
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FIG. 12: Core mass Mc as a function of the halo mass Mh
for a repulsive self-interaction as > 0 (solid line). We have
also plotted the relation Mc = Mh (dashed line) determining
the minimum halo mass (Mh)min. The mass is normalized by
(Mh)min,0 and the scattering length by a∗.
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FIG. 13: Core mass Mc as a function of the halo mass Mh
for different values of the scattering length as ≥ 0 and a
fixed value of the mass m (solid lines). We have plotted the
position of the minimum halo mass (Mh)min (dashed line).
The mass is normalized by (Mh)min,0. We have indicated the
curve corresponding to the noninteracting case as = 0.
On the other hand the core mass is maximum at
(Mh)max
(Mh)min,0
=
1
4
(
a∗
as
)2
(216)
with the value
(Mc)max
(Mh)min,0
=
1
2
(
a∗
|as|
)1/2
. (217)
This corresponds to the maximum core mass given by
Eq. (177). The core mass – halo mass relation for
as < 0 is plotted in Figs. 14 and 15. These solu-
tions are valid for Mh > (Mh)min. On the other hand,
the branch (Mh)max ≤ Mh ≤ (Mh)Max corresponds
to unstable states so that only the branch (Mh)min ≤
Mh ≤ (Mh)max, corresponding to stable states, is phys-
ical. In summary, when as < (as)c there is no halo
with a stable quantum core (see Sec. VII B). When
(as)c < as < 0 a stable quantum core exists only in
the range (Mh)min ≤ Mh ≤ (Mh)max. It has a mass
(Mh)min ≤ Mc ≤ (Mc)max. Coming back to the original
variables, the maximum halo mass is
(Mh)max =
σ2α
(6piζ)2
m2
a2sΣ0
. (218)
The prefactor is 0.223. Note that if we determine the
maximum halo mass (Mh)max approximately by equating
Eqs. (210) and (177) [or equivalently Eqs. (211) and
(166)], we obtain a value that differs from the real one
[Eq. (216) or equivalently (218)] by a factor 1/4.
For bosons with an attractive self-interaction, like the
axion [11], it is more convenient to express the results in
terms of the decay constant (181). When f < fc there
is no halo with a stable quantum core. When f > fc a
stable quantum core exists only in the range (Mh)min ≤
Mh ≤ (Mh)max. The minimum halo mass (Mh)min is
close to (Mh)min,0 given by Eq. (170). The maximum
halo mass and the maximum core mass can be written as
(Mh)max =
σ2α(32pi)2
(6piζ)2
f4
~2c6Σ0
, (219)
(Mc)max =
(
32piσ2
6piζν
)1/2(
f2~
c3m2G
)1/2
. (220)
We note that the maximum halo mass depends only
on f while the maximum core mass depends on f and
m. The prefactors are 2255 and 10.9. Measuring the
DM particle mass in units of 10−22eV/c2 and the de-
cay constant in units of 1015 GeV, we get (Mh)max =
3.14 × 1011f4M and (Mc)max = 1.19 × 109(f/m)M.
For f = 1.44 × 1017 GeV and m = 2.25 × 10−22 eV/c2
(see Sec. VII C), we get (Mh)max = 1.35× 1020M and
(Mc)max = 7.62 × 1010M. Since the largest DM halos
observed in the Universe have a mass Mh ∼ 1014M 
(Mh)max, these results suggest that the effect of an at-
tractive self-interaction is negligible. This favors the con-
sideration of a repulsive self-interaction [7].
In this section, we have expressed the core mass – halo
mass relation in terms of Mh. This relation could easily
be expressed in terms of Mv by using Eq. (132) with
B ∼ 2× 10−3.
Remark: We can directly obtain the expression (218)
of the maximum halo mass (Mh)max from the relation
[see Eq. (209)]
(Mc)max
(Rc)∗
=
√
1.76 Σ0(Mh)max (221)
with Eqs. (166) and (167). If we consider a self-
gravitating BEC with a central black hole it can be shown
that the ratio (Mc)max/(Rc)∗ is independent of the black
hole mass. This implies that the expression (218) of the
maximum halo mass is unchanged.
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FIG. 14: Core mass Mc as a function of the halo mass Mh
for an attractive self-interaction as < 0 (solid line). We have
also plotted the relation Mc = Mh (dashed line) determining
the minimum halo mass (Mh)min. The mass is normalized by
(Mh)min,0 and the scattering length by a∗.
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FIG. 15: Core mass Mc as a function of the halo mass Mh
for different values of the scattering length as ≤ 0 and a fixed
value of the mass m (solid lines). We have plotted the position
of the minimum halo mass (Mh)min (dashed line) and the
position of the maximum halo mass (Mh)max (dotted line).
The mass is normalized by (Mh)min,0. We have indicated the
curve corresponding to the minimum scattering length (as)c
for which (Mh)min = (Mh)max and the curve corresponding
to the noninteracting case as = 0.
E. Summary
In the noninteracting case (as = 0) the halos with a
mass Mh > (Mh)min,0 [see Eq. (170)] contain a quantum
core of mass Mc given by Eq. (210). All the configura-
tions are stable.
For a repulsive self-interaction (as > 0) the halos with
a mass Mh > (Mh)min [see Eq. (171)] contain a quantum
core of mass Mc given by Eq. (208). For as  a∗ and
Mh not too large, we are in the noninteracting limit dis-
cussed previously. For as  a∗ or Mh sufficiently large
(Mh/(Mh)min  (a∗/as)2) we are in the TF limit. In
that case, the minimum halo mass (Mh)min is given by
Eq. (174) and the mass Mc of the quantum core is given
by Eq. (213). All the configurations are stable.
For an attractive self-interaction (as < 0) the halos
can contain a stable quantum core only if (as)c < as < 0
[see Eq. (179)] or equivalently if f > fc [see Eq. (188)].
When this condition is fulfilled the quantum core is stable
for (Mh)min < Mh < (Mh)max. The minimum halo mass
(Mh)min [see Eqs. (171) and (184)] is of the order of
(Mh)min,0 [see Eq. (170)]. When we reach the maximum
halo mass [see Eqs. (218) and (219)], the core reaches its
maximum limit [see Eqs. (166) and (220)] and collapses.
The result of the collapse (dense axion star, black hole,
bosenova...) is discussed in [46–54].
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FIG. 16: Core mass Mc as a function of the halo mass
Mh for different values of as/a∗ = (as/a′∗)(m0/m)
5/3 with
as/a
′
∗ = (m/m0)
3 −m/m0 [see Eqs. (191) and (193)] so that
the minimum halo mass (Mh)min is fixed. The mass is normal-
ized by (Mh)min (typically (Mh)min ∼ 108 M). These curves
are obtained from Eqs. (171) and (208). We have plotted the
position of the minimum halo mass (Mh)min (common origin)
and the position of the maximum halo mass (Mh)max (bul-
lets) when as < 0. We have indicated the curve correspond-
ing to the minimum scattering length (as)c/a∗ = −1/22/3 for
which (Mh)min = (Mh)max, the curve corresponding to the
noninteracting case as = 0 [see Eq. (210)], and the curve
corresponding to the TF limit as/a∗  1 [see Eq. (213)].
These results are summarized in Fig. 16 representing
the general core mass – halo mass relation with a normal-
ization such that the minimum halo mass is fixed what-
ever the values of m and as. Observations indicate that
(Mh)min ∼ 108M. On this representation, we clearly
see that the core mass increases more rapidly in the case
of a repulsive self-interaction (as > 0) than in the case
of no interaction (as = 0) or in the case of an attractive
self-interaction (as < 0). For as ≥ 0, there is a stable
core for any halo mass. For as < 0, there is a maximum
halo mass associated with the existence of a maximum
core mass.
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VIII. CONCLUSION
In this paper, we have analytically derived the core
mass – halo mass relation of fermionic and bosonic DM
halos from an effective thermodynamical approach. We
have modeled the DM halos by a quantum core of mass
Mc surrounded by an isothermal atmosphere of uniform
density. We first determined an analytical expression of
the free energy F (Mc) of the DM halos. The equilib-
rium core mass is then obtained by extremizing the free
energy F (Mc) with respect to Mc. By representing the
quantum core by a polytrope of index n we have devel-
oped a unified description for fermions (n = 3/2), non-
interacting bosons (n = 2) and self-interacting bosons in
the TF approximation (n = 1). This allowed us to treat
fermionic and bosonic DM halos with the same formal-
ism. In the generic case, the extremization of the free
energy F (Mc) determines three solutions corresponding
to a gaseous phase (G), a core-halo phase (CH) and a
condensed phase phase (C). The most important solu-
tion is the core-halo phase. We showed that this phase
is unstable in the canonical ensemble but we argued (see
also [7]) that it is probably stable in the microcanonical
ensemble (the gaseous and condensed phase are stable in
all the statistical ensembles).
Our thermodynamical approach leads to the velocity
dispersion tracing relation (121) put forward in [7, 34].
Therefore, this relation can be justified by an effective
thermodynamical approach. For noninteracting bosons,
we obtain the mass-radius relation (138) which is consis-
tent to the one found by Schive et al. [26]. For fermions,
we obtain the mass-radius relation (157) which is consis-
tent to the one found by Ruffini et al. [64]. For bosons
with an attractive self-interaction in the TF limit, we
predict the mass-radius relation (148) which still has to
be confirmed numerically. Combining the velocity dis-
persion tracing relation [7, 34] with the core mass – core
radius relation obtained in [6] we have obtained an ap-
proximate general core mass – halo mass relationMc(Mv)
[see Eq. (208)] that is valid for bosons with arbitrary re-
pulsive or attractive self-interaction. For an attractive
self-interaction, corresponding to axions [11], we have
determined the maximum halo mass (Mv)max [see Eq.
(219)] that can harbor a stable quantum core (dilute ax-
ion star).
Finally, we have argued that the mass scale of non-
interacting DM bosons is determined in terms of funda-
mental constants by mΛ = ~
√
Λ/c2 = 2.08×10−33 eV/c2
while the mass scale of fermions is determined by m∗Λ =
(Λ~3/Gc3)1/4 =
√
mΛMP = 5.04 × 10−3 eV/c2. We
found that the prefactor between the actual DM par-
ticle mass and these fundamental mass scales can be
very large (11 orders of magnitude for bosons and 4 or-
ders of magnitude for fermions). However, these funda-
mental mass scales can explain the intrinsic difference
of mass between bosonic and fermionic DM particles.
Their ratio is m∗Λ/mΛ = (c
5/G~Λ)1/4 = 2.42 × 1030,
corresponding to a difference of 30 orders of magnitude.
Finally, in the case of self-interacting bosons, we have
found that the fundamental scale of the ratio as/m
3 is
rΛ/m
3
Λ = 2Gc
2/Λ~2 = 6.11× 1017 fm (eV/c2)−3.
In the present paper, we have developed an analytical
model in which the isothermal atmosphere has a uniform
density. This approximation is sufficient to obtain the
correct scaling of the core mass – halo mass relation.
However, in order to develop more accurate models of
fermionic and bosonic DM halos, and in particular to
be able to determine their density and circular velocity
profiles, we need to solve a generalized Emden equation
numerically. The case of self-gravitating BECs with a
repulsive self-interaction has been treated in detail in [7].
The case of noninteracting bosons and fermions can be
treated with the same method. These models are being
presently investigated [65].
It will be important in future works to determine if
DM is made of fermions or bosons (either noninteract-
ing, with a repulsive self-interaction, or with an attrac-
tive self-interaction). All these models are very inter-
esting from a physical point of view, with a lot of nice
properties, but it is possible that some of them will be
ruled out by observations. Alternatively, all these mod-
els could be of interest if DM is made of several types of
particles (bosons and fermions) as suggested in [7].
Appendix A: Polytropic spheres
In this Appendix, we recall general results of self-
gravitating polytropic spheres [35, 66]. We apply them
to the quantum models of DM halos at T = 0 (ground
states) discussed in Sec. II.
For classical self-gravitating systems, or for quantum
self-gravitating systems in the TF approximation, the
condition of hydrostatic equilibrium
∇P + ρ∇Φ = 0 (A1)
combined with the Poisson equation
∆Φ = 4piGρ (A2)
leads to the fundamental differential equation
∇ ·
(∇P
ρ
)
= −4piGρ. (A3)
For a polytropic equation of state of the form
P = Kργ , (A4)
where K is the polytropic constant and γ = 1+1/n is the
polytropic index, the differential equation (A3) becomes
K(n+ 1)∆ρ1/n = −4piGρ. (A5)
In the following, we restrict ourselves to spherically sym-
metric distributions. We also assume K > 0 and 6/5 <
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γ < +∞ (i.e. 0 ≤ n < 5) for reasons explained below.
With the substitution
ρ = ρ0θ
n, ξ =
r
r0
, (A6)
where ρ0 is the central density and
r0 =
[
K(n+ 1)
4piGρ
1−1/n
0
]1/2
(A7)
is the polytropic radius, we obtain the Lane-Emden equa-
tion
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
= −θn (A8)
with the boundary conditions
θ(0) = 1, θ′(0) = 0. (A9)
According to the general results of Refs. [35, 66], a
polytrope of index n has a compact support provided that
0 ≤ n < 5. In that case, the density falls off to zero at a
finite radius. This characterizes a complete polytrope.14
It is customary to denote by ξ1 the normalized radius at
which the density vanishes: θ1 = 0. The radius and the
mass of a complete polytrope are
R = ξ1
[
K(n+ 1)
4piG
]1/2
1
ρ
(n−1)/2n
0
, (A10)
M = −4pi θ
′
1
ξ1
ρ0R
3. (A11)
Eliminating ρ0 between these two relations, we find that
the mass-radius relation of a complete polytrope of index
n is
M (n−1)/nR(3−n)/n =
K(1 + n)
G(4pi)1/n
ω(n−1)/nn , (A12)
where ωn = −ξ(n+1)/(n−1)1 θ′1 is a constant determined by
the Lane-Emden equation (A8). A complete polytrope of
index n is dynamically stable with respect to the Euler-
Poisson equations if n < 3 and linearly unstable if n > 3.
For the polytrope n = 3/2 (fermion stars), using Eq.
(4), we find
ξ1 = 3.65375, θ
′
1 = −0.203302, (A13)
R = 0.35885
h
m4/3G1/2ρ
1/6
0
, (A14)
14 Polytropes with n > 5 have an infinite mass. The polytrope n =
5 is unbounded and has a finite mass. For this index, the Lane-
Emden equation has a simple analytical expression discovered
by Schuster [67]. It was used by Plummer [68] to fit the density
profile of globular clusters (Plummer model).
M = 0.699218 ρ0R
3, (A15)
MR3 = 0.0014931
h6
G3m8
. (A16)
For the polytrope n = 2 (noninteracting boson stars),
using Eq. (E3), we find
ξ1 = 4.353, θ
′
1 = −0.1272, (A17)
R = 1.94415
~1/2
m1/2G1/4ρ
1/4
0
, (A18)
M = 0.367205 ρ0R
3, (A19)
MR = 5.24594
~2
Gm2
. (A20)
For the polytrope n = 1 (self-interacting boson stars),
using Eq. (30), we find
ξ1 = pi, θ
′
1 = −1/pi, (A21)
R = pi
(
as~2
Gm3
)1/2
(A22)
M =
4
pi
ρ0R
3, (A23)
Appendix B: Total energy, eigenenergy and virial
theorem of a self-gravitating BEC
We consider a self-gravitating BEC described by the
GPP equations with a self-interaction corresponding to
a power-law potential [55]. In the hydrodynamic repre-
sentation of the GPP equations, a power-law potential of
interaction gives rise to a polytropic equation of state. In
that case, the total energy of the BEC is given by
Etot = ΘQ + U +W. (B1)
This is the sum of the quantum kinetic energy
ΘQ =
~2
8m2
∫
(∇ρ)2
ρ
dr =
~2
2m2
∫
(∇√ρ)2 dr, (B2)
the internal energy
U =
1
γ − 1
∫
P dr =
K
γ − 1
∫
ργ dr, (B3)
and the gravitational energy
W =
1
2
∫
ρΦ dr. (B4)
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The eigenenergy E satisfies the relation
NE = ΘQ + γU + 2W. (B5)
On the other hand, the equilibrium scalar virial theorem
writes
2ΘQ + 3(γ − 1)U +W = 0. (B6)
For classical self-gravitating systems, or for self-
gravitating BECs in the TF approximation where the
quantum potential can be neglected, the foregoing equa-
tions reduce to
Etot = U +W, (B7)
NE = γU + 2W, (B8)
3(γ − 1)U +W = 0. (B9)
From these equations, we obtain the relations
Etot = −3− n
n
U =
3− n
3
W =
3− n
5− nNE. (B10)
Appendix C: Betti-Ritter formula
For classical self-gravitating systems, or for self-
gravitating BECs in the TF approximation, the condi-
tion of hydrostatic equilibrium is given by Eq. (A1). For
a polytropic equation of state (A4) we have
∇P
ρ
= (n+ 1)∇
(
P
ρ
)
. (C1)
As a result, the condition of hydrostatic equilibrium (A1)
can be integrated into
(n+ 1)
P
ρ
+ Φ =
E
m
, (C2)
where E is a constant of integration. For a self-
gravitating BEC it represents the eigenenergy [55]. Mul-
tiplying Eq. (C2) by ρ and integrating over the whole
configuration, we obtain Eq. (B8). Assuming 6/5 < γ <
+∞ (i.e. 0 ≤ n < 5) so that P/ρ = 0 on the boundary
of the system r = R where the density vanishes, we find
from Eq. (C2) that
E
m
= Φ(R) = −GM
R
. (C3)
This equation determines the eigenenergy E. As a result,
Eq. (B8) can be rewritten as
−GM
2
R
= γU + 2W. (C4)
Combining this relation with the equilibrium scalar virial
theorem (B9) we obtain the Betti-Ritter formula
W = − 3
5− n
GM2
R
(C5)
determining the gravitational energy W of a polytropic
sphere [35]. From Eqs. (C5) and (B10), we get
U =
n
5− n
GM2
R
(C6)
and
Etot = −3− n
5− n
GM2
R
. (C7)
From the last relation, we can directly conclude that com-
plete polytropes with index n < 3, i.e. γ > 4/3, are stable
(because Etot < 0) while complete polytropes with index
n > 3, i.e. γ < 4/3, are unstable (because Etot < 0) [35].
Appendix D: Ledoux formula
The complex pulsation of a polytrope of index 0 < n <
5 is approximately given by the Ledoux formula [69]:15
ω2 = (4− 3γ)W
I
, (D1)
where I =
∫
ρr2 dr is the moment of inertia of the system.
Using the results of Appendix A it can be written as
I = κnMR
2 with κn =
∫ ξ1
0
θnξ4 dξ
ξ21
∫ ξ1
0
θnξ2 dξ
. (D2)
Combining this equation with the Betti-Ritter formula
(C5), we can rewrite Eq. (D1) as
ω2 = − 3(n− 3)
(5− n)nκn
GM
R3
. (D3)
Appendix E: Density profile of a noninteracting
self-gravitating BEC with a compact support:
polytrope n = 2
The fundamental differential equation of quantum hy-
drostatic equilibrium determining the density profile of a
noninteracting self-gravitating BEC is given by Eq. (17).
On the other hand, the fundamental differential equation
of classical hydrostatic equilibrium determining the den-
sity profile of a polytrope of index n is given by Eq. (A5).
For n = 2 it becomes
3K∆
√
ρ = −4piGρ. (E1)
15 This formula can also be obtained from a variational principle
based on a Gaussian ansatz [55].
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Dividing Eq. (E1) by
√
ρ, applying the Laplacian opera-
tor, and using Eq. (E1) again, we obtain
∆
(
∆
√
ρ√
ρ
)
=
(
4piG
3K
)2
ρ. (E2)
Remarkably, this equation coincides with Eq. (17) pro-
vided that we make the identification
K =
(
2piG~2
9m2
)1/2
. (E3)
As a result, the density profile of a polytrope of index
n = 2 and polytropic constant given by Eq. (E3) is a
particular solution of Eq. (17).16 Using the variables
defined in Appendix A, it can be written as
ρ(r) = ρ0θ(ξ)
2, ξ = r/r0, r0 =
(
~2
8piGm2ρ0
)1/4
,
(E4)
where θ(ξ) is the solution of the Lane-Emden equation
(A8) of index n = 2.
A polytrope of index n = 2 has a compact support
and is stable. Furthermore, according to Eq. (A12), the
mass-radius relation is
MR =
1
2
ω2
~2
Gm2
= 5.25
~2
Gm2
, (E5)
where we have used ω2 = 10.4950... Eq. (E5) displays the
same scaling as the mass-radius relation from Eq. (18)
but the prefactor is different. This is because the density
profile given by Eq. (E4) is different from the density
profile of the soliton that has been reported previously
in the literature [17, 18, 21, 25–27, 37–39] (see Sec. II B).
Indeed, the authors of Refs. [17, 18, 21, 25–27, 37–39]
have looked for a solution of Eq. (17) corresponding to
a density profile that goes to zero at infinity. Actually,
there exists another solution of Eq. (17), given by Eq.
(E4), corresponding to a density profile with a compact
support that vanishes at a finite radius R.17 Apparently,
the two profiles are stable (they are plotted in Fig. 2). It
may therefore be useful to compare their respective en-
ergy in order to determine which profile has the smallest
energy (ground state).
The quantum kinetic of a BEC is given by Eq. (B2).
Integrating the second expression by parts, we obtain
ΘQ =
~2
4m2
∮
∇ρ · dS− ~
2
2m2
∫ √
ρ∆
√
ρ dr. (E6)
16 We note that Eq. (E1) implies Eq. (E2) but the converse is
wrong. As a result Eqs. (17) and (E1) are not equivalent.
17 In Ref. [38] we found a solution of Eq. (17) for which “the pro-
gram breaks down because the density achieves too small values
(< 10−11).” This solution corresponds to the density profile (E4)
with a compact support.
Since ρ′(R) ∝ θ1θ′1 for a polytrope of index n = 2 [see Eq.
(E4)] and since θ1 = 0 and |θ′1| < +∞ (see Appendix A),
we have ρ′(R) = 0. As a result, the surface term vanishes
and Eq. (E6) reduces to
ΘQ = − ~
2
2m2
∫ √
ρ∆
√
ρ dr. (E7)
Using Eq. (E1) we then find that
ΘQ = 3K
∫
ρ3/2 dr. (E8)
This result can be compared to the internal energy (B3)
of a polytrope of index n = 2 which is
U = 2K
∫
ρ3/2 dr. (E9)
We have the relation
ΘQ =
3
2
U. (E10)
Therefore, the energy Etot = ΘQ+W of a self-gravitating
noninteracting BEC with the density profile (E4) is dif-
ferent from the energy Etot = U+W of the corresponding
polytrope.
For a self-gravitating noninteracting BEC, we have (see
Sec. II B)
Etot = −ΘQ = 1
2
W. (E11)
On the other hand, the gravitational energy of a poly-
trope n = 2 is (see Appendix C)
W = −GM
2
R
. (E12)
Combining Eqs. (E11) and (E12) and using the mass-
radius relation from Eq. (E5), we find that the energy
of a self-gravitating noninteracting BEC with the density
profile (E4) is
Etot = −GM
2
2R
= − 1
ω2
G2M3m2
~2
= −0.0953G
2M3m2
~2
.
(E13)
This energy is smaller than the one given by Eq. (22).
Therefore, the solution of Eq. (17) that has a compact
support [see Eq. (E4)] has a smaller energy than the
solution of Eq. (17) that extends to infinity (see Sec.
II B). The ground state of the self-gravitating noninter-
acting BEC corresponds therefore to the solution consid-
ered in this Appendix, not to the solution that has been
considered in Refs. [17, 18, 21, 25–27, 37–39] (see Sec.
II B). However, in the case of systems with long-range
interactions, we know that a metastable state (i.e. a lo-
cal but not a global energy minimum) may have a very
long lifetime and can be fully relevant. This may be the
case of the solution considered in Refs. [17, 18, 21, 25–
27, 37–39] which seems to be selected in direct numerical
simulations [25, 26].
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Remark: the energy of a polytrope of index n = 2 can
be obtained from the relations (see Appendices B and
C):
Etot = U +W, (E14)
NE =
3
2
U + 2W, (E15)
3
2
U +W = 0, (E16)
implying
Etot = −1
2
U =
1
3
W = −GM
2
3R
. (E17)
It differs from Eq. (E13) by a factor 2/3.
Appendix F: Gravitational energy
The gravitational energy of a spherically symmetric
system is given by (see, e.g., Appendix G of [55])
W = −
∫ +∞
0
ρ(r)
GM(r)
r
4pir2 dr, (F1)
where
M(r) =
∫ r
0
ρ(r) 4pir2 dr (F2)
is the mass contained within the sphere of radius r. In
our model, the system is made of a core of mass Mc and
radius Rc and a uniform atmosphere of density ρa and
mass Ma = M − Mc contained within the spheres of
radius Rc and R. Therefore, we can write
W = Wc − 4piGρa
∫ R
Rc
M(r) r dr, (F3)
where the first term Wc is the gravitational energy of the
core and the second term Wa is the gravitational energy
of the atmosphere in the presence of the core. For r ≥ Rc,
we have
M(r) = Mc +
4
3
piρa(r
3 −R3c). (F4)
Substituting Eq. (F4) into Eq. (F3) and evaluating the
integral we get
W = Wc − 4piGρa
[
Mc
r2
2
+
4
15
piρar
5 − 2
3
piρaR
3
cr
2
]R
Rc
(F5)
with
ρa =
3(M −Mc)
4pi(R3 −R3c)
. (F6)
These expressions are exact. For our problem, it is a good
approximation to assume that R Rc. As a result, the
foregoing equation simplifies into
W = Wc − 4piGρa
(
Mc
R2
2
+
4
15
piρaR
5
)
(F7)
with
ρa =
3(M −Mc)
4piR3
. (F8)
We finally obtain
W = Wc − 3GMc(M −Mc)
2R
− 3G(M −Mc)
2
5R
. (F9)
The first term is the potential energy of the core, the
third term is the potential energy of the atmosphere and
the second term is the interaction energy. This is as if
we had a point mass Mc at r = 0 [65].
Appendix G: The minimum halo radius, the
minimum halo mass and the maximum halo central
density
In this Appendix, we determine the radius, the mass
and the central density of the “minimum halo” assum-
ing that it corresponds to the ground state (T = 0) of
a self-gravitating quantum gas. We have seen in Sec. II
that it can be represented by a polytropic sphere. For
the sake of generality we treat the case of an arbitrary
polytropic index n, then consider particular cases cor-
responding to fermions, noninteracting bosons and self-
interacting bosons in the TF limit.
1. General results
The halo radius rh is defined as the distance at which
the central density ρ0 is divided by 4. Using Eqs. (A6)
and (A7), it is given by
rh = ξh
[
K(n+ 1)
4piG
]1/2
1
ρ
(n−1)/2n
0
, (G1)
where ξh is determined by the equation
θ(ξh)
n =
1
4
. (G2)
The value of ξh can be obtained by solving the Lane-
Emden equation (A8). The halo mass, which is the mass
contained within the sphere of radius rh, is given by
Mh = −4pi θ
′(ξh)
ξh
ρ0r
3
h. (G3)
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Eliminating the central density between Eqs. (G1) and
(G3), we obtain the halo mass-radius relation
Mhr
(3−n)/(n−1)
h = −4piθ′(ξh)ξ(n+1)/(n−1)h
×
[
K(n+ 1)
4piG
]n/(n−1)
, (G4)
which is analogous to the mass-radius relation (A12). On
the other hand, using Eqs. (G1) and (G3) and introduc-
ing the universal surface density of DM halos (1) we find
that the minimum halo radius, the minimum halo mass,
and the maximum halo central density are given by
(rh)min = ξ
2n/(n+1)
h
[
K(n+ 1)
4piG
]n/(n+1)
1
Σ
(n−1)/(n+1)
0
(G5)
and
(Mh)min = − 4piθ′(ξh)ξ(3n−1)/(n+1)h
×
[
K(n+ 1)
4piG
]2n/(n+1)
Σ
(3−n)/(n+1)
0 .
(G6)
(ρ0)max =
1
ξ
2n/(n+1)
h
[
4piG
K(n+ 1)
]n/(n+1)
Σ
2n/(n+1)
0 .
(G7)
2. Fermions
For the polytrope n = 3/2 (fermion stars) using Eq.
(4), we have
ξh = 2.27, θ
′
h = −0.360. (G8)
rh = 0.223
h
m4/3G1/2ρ
1/6
0
, (G9)
Mh = 1.99 ρ0r
3
h, (G10)
Mhr
3
h = 2.45× 10−4
h6
G3m8
. (G11)
Using Eq. (1), we obtain Eqs. (13)-(15).
3. Noninteracting bosons
For the polytrope n = 2 (noninteracting boson stars)
we have
ξh = 2.092, θ
′
h = −0.3216. (G12)
rh = 0.934333
~1/2
m1/2G1/4ρ
1/4
0
, (G13)
Mh = 1.93181 ρ0r
3
h, (G14)
Mhrh = 1.47221
~2
Gm2
. (G15)
Using Eq. (1), we obtain Eqs. (25)-(27).
4. Self-interacting bosons in the TF limit
For the polytrope n = 1 (self-interacting boson stars)
we have
ξh = 2.4746, θ
′
h = −0.41853. (G16)
rh = 2.4746
(
as~2
Gm3
)1/2
(G17)
Mh = 2.12535 ρ0r
3
h, (G18)
Using Eq. (1), we obtain Eqs. (42)-(44).
Appendix H: Results of the quantum Jeans
instability theory
In this Appendix, we recapitulate the main results of
the quantum Jeans instability theory developed in Refs.
[6, 70], restricting ourselves to the nonrelativistic regime.
We refer to these papers for details about their derivation
and for some generalizations.
1. Fermions
If DM is made of fermions, the Jeans length and the
Jeans mass are given by
λJ =
1
2
(pi
3
)1/6 h
G1/2m4/3ρ1/6
, (H1)
MJ =
4
3
piρ
(
λJ
2
)3
=
1
16
(pi
3
)3/2 h3ρ1/2
G3/2m4
. (H2)
Eliminating the density between these expressions, we
get the Jeans mass-radius relation
MJλ
3
J =
pi2
1152
h6
G3m8
. (H3)
We can also define a Jeans surface density
ΣJ = ρ
λJ
2
=
1
4
(pi
3
)1/6 hρ5/6
G1/2m4/3
. (H4)
These equations display the same scalings as Eqs. (G9)-
(G11) and (15) for DM halos.
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2. Noninteracting bosons
If DM is made of noninteracting bosons, the Jeans
length and the Jeans mass are given by
λJ = 2pi
(
~2
16piGρm2
)1/4
, (H5)
MJ =
4
3
piρ
(
λJ
2
)3
=
pi
6
(
pi3~2ρ1/3
Gm2
)3/4
. (H6)
Eliminating the density between these expressions, we
get the Jeans mass-radius relation
MJλJ =
pi4
6
~2
Gm2
. (H7)
The Jeans surface density is
ΣJ = ρ
λJ
2
= pi
(
~2ρ3
16piGm2
)1/4
. (H8)
These equations display the same scalings as Eqs. (G13)-
(G15) and (27) for DM halos.
3. Self-interacting bosons in the TF limit
If DM is made of self-interacting bosons in the TF
limit, the Jeans length and the Jeans mass are given by
λJ = 2pi
(
as~2
Gm3
)1/2
, (H9)
MJ =
4
3
piρ
(
λJ
2
)3
=
pi
6
ρ
(
4pi2as~2
Gm3
)3/2
. (H10)
The Jeans surface density is
ΣJ = ρ
λJ
2
= piρ
(
as~2
Gm3
)1/2
. (H11)
These equations display the same scalings as Eqs. (G17),
(G18) and (44) for DM halos.
Appendix I: The mass of the DM particle
In this Appendix, we relate the mass m of the DM
particle to the cosmological constant Λ and to the other
fundamental constants of physics.
1. Fermions
We have seen in Sec. II A that the minimum mass of
DM halos made of fermions is given by
(Mh)min = 4.47
(
~12Σ30
G6m16
)1/5
. (I1)
It is obtained by requiring that the smallest DM halo
in the Universe corresponds to the ground state of the
self-gravitating Fermi gas.
On the other hand, the minimum mass of DM halos
may be obtained from a quantum Jeans instability theory
(see, e.g., Refs. [6, 70]) leading to the Jeans mass (H2).
Let us compute the Jeans mass at the present epoch
where ρm,0 = 2.66 × 10−24 g m−3. For a fermion mass
m = 170 eV/c2, the Jeans mass is MJ = 1.10 × 105M
[70]. It is 3 orders of magnitude smaller than the min-
imum mass (Mh)min ∼ 108M of observed DM ha-
los. Actually, we cannot expect to have a perfect agree-
ment between the Jeans mass computed at the present
epoch and the observed minimum mass of DM halos be-
cause the linear Jeans instability took place at an ear-
lier epoch (see Appendix I 4) and the present DM halos
result from a nonlinear evolution. Therefore, we write
(Mh)min = χFMJ , where χF is a dimensionless factor
that is difficult to predict theoretically (for fermions the
previous estimate gives χF ∼ 103). Using Eq. (H2), we
obtain
(Mh)min = 16.6χF
~3ρ1/2m,0
G3/2m4
. (I2)
Comparing (I1) and (I2) we get
m = 5.16χ
5/4
F
~3/4ρ5/8m,0
Σ
3/4
0 G
3/8
. (I3)
This relation gives the surface density Σ0 of the smallest
DM halo if we know the fermion mass m. Inversely, since
Σ0 appears to have a universal value (see Eq. (1)), we
can use Eq. (I3) to obtain the fermion mass m. More
precisely, since ρm,0 and Σ0 can be expressed in terms of
the cosmological constant Λ by Eqs. (140) and (141), we
find that the mass of the fermionic particle is given by
m = 7.62χ
5/4
F
(
Λ~3
Gc3
)1/4
. (I4)
It is equal to the mass scale m∗Λ = 5.04×10−3 eV/c2 given
by Eq. (160) multiplied by a large numerical factor of or-
der 4 × 104 (for χF ∼ 103). This gives m ∼ 200 eV/c2
which is the correct order of magnitude of the fermion
mass usually advocated in DM models (see Appendix D
of [14]). We note that, up to the dimensionless factor χF,
this mass scale has been predicted in terms of the funda-
mental constants independently from the observations.
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Remark: We can obtain these results (without the pref-
actor) directly from the Jeans scales of Appendix H 1.
From Eq. (H4), we have
Σ ∼ ~ρ
5/6
m4/3G1/2
i.e. m ∼ ~
3/4ρ5/8
Σ3/4G3/8
. (I5)
If we take ρ ∼ ρm,0 ∼ Λ/G and Σ ∼ c
√
Λ/G (see Eqs.
(140) and (141)), we get
m ∼
(
Λ~3
Gc3
)1/4
∼ m∗Λ. (I6)
Inversely, if we assume that ρ ∼ ρm,0 ∼ Λ/G and
m ∼ m∗Λ we find that Σ ∼ c
√
Λ/G. We also note that
λ ∼ Σ/ρ ∼ c/√Λ and M ∼ ρλ3 ∼ c3/G√Λ are the cos-
mological scales corresponding to the size and mass of
the Universe [60].
2. Noninteracting bosons
We have seen in Sec. II B that the minimum mass of
DM halos made of noninteracting bosons is given by
(Mh)min = 1.61
(
~4Σ0
G2m4
)1/3
. (I7)
On the other hand, the quantum Jeans instability theory
[6, 70] leads to the Jeans mass (H6). For a boson mass
m = 2.92×10−22 eV/c2, the Jeans mass computed at the
present epoch where ρm,0 = 2.66× 10−24 g m−3 is MJ =
3.07 × 106M [70]. It is 1 order of magnitude smaller
than the minimum mass (Mh)min ∼ 108M of observed
DM halos. Writing (Mh)min = χBMJ with χB ∼ 10, we
obtain
(Mh)min = 6.88χB
~3/2ρ1/4m,0
G3/4m3/2
. (I8)
Comparing Eqs. (I7) and (I8) we get
m = 6089χ6B
~ρ3/2m,0
Σ20G
1/2
. (I9)
Using Eqs. (140) and (141), we find that the mass of the
bosonic particle (in the noninteracting case) is given by
m = 33748χ6B
~
√
Λ
c2
. (I10)
It is equal to the mass scale mΛ = 2.08 × 10−33 eV/c2
given by Eq. (143) multiplied by a huge numerical
factor of order 3 × 1010 (for χB ∼ 10). This gives
m ∼ 10−22 eV/c2 which is the correct order of magni-
tude of the mass of ultralight axions usually advocated
in DM models (see Appendix D of [14]).
Remark: We can obtain these results (without the pref-
actor) directly from the Jeans scales of Appendix H 2.
From Eq. (H8), we have
Σ ∼
(
~2ρ3
Gm2
)1/4
i.e. m ∼
(
~2ρ3
GΣ4
)1/2
. (I11)
If we take ρ ∼ ρm,0 ∼ Λ/G and Σ ∼ c
√
Λ/G (see Eqs.
(140) and (141)), we get
m ∼ ~
√
Λ
c2
∼ mΛ. (I12)
Inversely, if we assume that ρ ∼ ρm,0 ∼ Λ/G and m ∼
mΛ we find that Σ ∼ c
√
Λ/G.
3. Self-interacting bosons in the TF limit
We have seen in Sec. II C that the minimum mass of
DM halos made of self-interacting bosons in the TF limit
is given by
(Mh)min = 13.0
as~2Σ0
Gm3
. (I13)
On the other hand, the quantum Jeans instability the-
ory [6, 70] leads to the Jeans mass (H10). For a ra-
tio as/m
3 = 3.28 × 103 fm (eV/c2)−3, the Jeans mass
computed at the present epoch where ρm,0 = 2.66 ×
10−24 g m−3 is MJ = 165M [70]. It is 6 order of magni-
tude smaller than the minimum mass (Mh)min ∼ 108M
of observed DM halos. Writing (Mh)min = χTFMJ with
χTF ∼ 106, we obtain
(Mh)min = 130χTF ρm,0
(
as~2
Gm3
)3/2
. (I14)
Comparing (I13) and (I14) we get
as
m3
=
0.01
χ2TF
GΣ20
~2ρ2m,0
. (I15)
Using Eqs. (140) and (141), we find that the ratio as/m
3
is given by
as
m3
=
0.0135
χ2TF
Gc2
Λ~2
. (I16)
It is equal to the scale rΛ/m
3
Λ = 2Gc
2/Λ~2 = 6.11 ×
1017 fm (eV/c2)−3 given by Eq. (151) multiplied by a
very small numerical factor of order 10−14 (for χTF ∼
106). This gives as/m
3 ∼ 103 fm (eV/c2)−3 which is the
correct order of magnitude of the parameter as/m
3 of
self-interacting bosons usually advocated in DM models
(see Appendix D of [14]).
Remark: We can obtain these results (without the pref-
actor) directly from the Jeans scales of Appendix H 3.
From Eq. (H11), we have
Σ ∼ ρ
(
as~2
Gm3
)1/2
i.e.
as
m3
∼ GΣ
2
~2ρ2
. (I17)
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If we take ρ ∼ ρm,0 ∼ Λ/G and Σ ∼ c
√
Λ/G (see Eqs.
(140) and (141)), we get
as
m3
∼ Gc
2
Λ~2
∼ rΛ
m3Λ
. (I18)
Inversely, if we assume that ρ ∼ ρm,0 ∼ Λ/G and
as/m
3 ∼ rΛ/m3Λ we find that Σ ∼ c
√
Λ/G.
4. Comment
We can make the following observations. For fermions,
we note that χFρ
1/2
m,0 = (χ
2
Fρm,0)
1/2 = (106ρm,0)
1/2.
For noninteracting bosons, we note that χBρ
1/4
m,0 =
(χ4Bρm,0)
1/4 = (104ρm,0)
1/2. For self-interacting bosons
in the TF limit, we note that χTFρm,0 = 10
6ρm,0. These
relations suggest that (Mh)min is not equal to the present
Jeans length but rather to the Jeans length at the epoch
where the density of the Universe is ∼ 105ρm,0. In-
deed, if we calculate the Jeans mass at the epoch where
the density of the Universe is 105ρm,0, we find in the
three cases considered above that MJ ∼ (Mh)min. Us-
ing ρm = ρm,0/a
3 and z + 1 = 1/a (redshift), this epoch
corresponds to
ρm = 2.66× 10−19 g m−3, a = 0.0215, z = 45.5.
(I19)
It is intermediate between the epoch of radiation-matter
equality (ρeq = 8.77 × 10−14 g m−3, aeq = 2.95 ×
10−4, zeq = 3389) and the present epoch (ρm,0 = 2.66 ×
10−24 g m−3, a0 = 1, z0 = 0).
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